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Abstract

The following doctoral thesis is focused on the optimal control of electric vertical takeoff and
landing (eVTOL) unmanned aerial vehicles (UAVs). The specific eVTOL configuration chosen
here was the quad plane configuration - a hybrid vertical flight aircraft created from combining a
quad copter and a fixed-wing aircraft. The work focused on optimization of the transition phase
with the goal of minimizing the energy consumption. The transition phase is composed of a
maneuver in which the vehicle accelerates from hover to forward flight.

Contemporary VTOL aircraft have received a high growth in the recent years, both in an aca-
demic, and in a commercial setting. However, the high energy consumption of vertical propulsion
systems is a major challenge. Due to the insufficient capacity in energy storage of batteries avail-
able on the market, energy-optimal solutions are sought. Literature studies showed that trajectory
optimization for energy minimization is a viable and useful technique for both multicopters, as
well as plane-copter hybrids.

To achieve the above goal, a numerical model of aircraft motion was prepared based on
wind tunnel and CFD results. The resulting dynamic model, the flight conditions in transition
and other requirements on the trajectory profile were incorporated to pose an optimal control
problem (OCP). The solution to the problem was achieved through transcription to parameter
optimization. The problem was solved with a nonlinear programming solver IPOPT suitable for
high-dimensional design spaces. The resulting optimal transition scenario involved a controlled
pitching down motion and acceleration with the use of both horizontal and vertical propellers.

The topic undertaken in this thesis addresses an issue that has been present in eVTOLS since
their inception: high energy consumption and insufficient battery capacity. Optimization of
the flight profile in transition of a quad plane allowed to save up to about a 70% reduction of
energy consumption. Moreover, the approach allowed to reduce the time spent in the high-energy
transition phase. The result can be translated into higher endurance or smaller battery and a more
efficient usage of onboard resources. This aspect is crucial for feasibility and usability of eVTOL
drones in today’s world and in the future.

Keywords: UAV, VTOL, optimal control, trajectory optimization



Streszczenie

Niniejsza praca doktorska poswigcona jest sterowaniu optymalnemu samolotéw bezzatogo-
wych (UAV) pionowego startu i lgdowania (VTOL) o napedzie elektrycznym. Wybrang do badan
konfiguracja jest quad plane - hybrydowy statek powietrzny pionowego lotu powstaty z potacze-
nia wielowirnikowca i statoptata. Praca skupia si¢ na temacie optymalizacji fazy przejscia samo-
lotu, aby zminimalizowa¢ zuzycie energii elektrycznej. Faza przej$cia polega na przyspieszeniu
pojazdu z trybu zawisu do lotu postepowego.

Wspolczesne samoloty VTOL odnotowaly w ostatnich latach wysoki wzrost popularnosci,
zaré6wno w $srodowisku akademickim, jak i komercyjnym. Powaznym wyzwaniem jest jednak
wysokie zuzycie energii elektrycznej potrzebnej do pracy pionowego napedu. Ze wzgledu na
niewystarczajaca pojemnos$¢ dostepnych na rynku baterii, poszukuje si¢ rozwigzan stuzacych
oszczedzaniu energii. Badania literaturowe przeprowadzone w pracy wykazaty, ze optymalizacja
trajektorii moze by¢ uzyteczna technika do zmniejszenia kosztu energetycznego lotu zaréwno dla
multikopterow, jak i dla samolotéw hybrydowych.

Aby osiggnacé powyzszy cel, przygotowano numeryczny model ruchu samolotu w oparciu o
wyniki uzyskane w tunelu aerodynamicznym i obliczenia numeryczne. Otrzymany model dyna-
miki obiektu oraz warunki lotu jakie wystepuja w czasie przejscia samolotu zostaty uzyte w celu
postawienia problemu sterowania optymalnego (OCP). Rozwiazanie problemu zostato osiggnigte
poprzez transkrypcje problemu na optymalizacje parametryczng i rozwigzane za pomoca solvera
IPOPT, ktory jest odpowiedni dla tak duzych przestrzeni zmiennych optymalizacji jakie wysta-
pity w badanym problemie. Optymalny scenariusz przejscia polegal na kontrolowanej zmianie
pochylenia samolotu i przyspieszeniu z zawisu do lotu z wykorzystaniem zaréwno napedu lotu
poziomego, jak i pionowego.

Temat podjety w niniejszej rozprawie dotyczy kwestii, ktéra jest obecna w eVTOL od mo-
mentu ich powstania: wysokiego zuzycia energii i niewystarczajgcej pojemnosci baterii. Opty-
malizacja profilu lotu pozwolila zmniejszy¢ zuzycie energii o 70% oraz skroci¢ czas lotu spe-
dzony w wysokoenergetycznej fazie przejscia, co prowadzi do zwigkszenia dtugotrwatosci lotu
lub zmniejszenia rozmiaru baterii przy utrzymaniu zatozonego zasiggu. Wyniki badan przedsta-
wionych w niniejszej pracy pozwalaja na bardziej efektywne wykorzystanie zasobéw dostepnych
na poktadzie. Aspekt ten ma kluczowe znaczenie dla powodzenia wykorzystania dronéw eVTOL
w dzisiejszym $wiecie i w przysztosci.

Keywords: Samoloty bezzatogowe, samoloty pionowego startu, sterowanie optymalne,

optymalizacja trajektorii
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1. Introduction

In recent years, unmanned aerial vehicles (UAVs) have become increasingly popular in
the field of aviation. This interest is shared by professionals, academics and hobbyists alike.
The unmanned drone, in its various shapes and forms, acts to replace dangerous, repetitive
and boring operations [10], in a much shorter time and at a lower cost than manned aircraft
[42]. In addition, the new UAV market is driving innovation, novelty and growth in academia.
Every year, more and more scientific papers are published using keywords such as "UAV”,
”Drone”, "UAS”, "RPAS”, as well as several new companies and investments in the private and
public sectors [98]. Furthermore, there has also recently been an increase in interest in small
autonomous VTOL UAVs for surveillance, parcel and medical delivery, and more. The high
energy requirements of VTOL aircraft have been a motivation towards searching for energy
saving solutions, either in design of the drones, the propulsion or control and mission planning.
New applications for all types of unmanned aircraft are constantly being developed, such as
surveillance, military, medical, agricultural, scientific research and exploration, disaster relief,
wildlife, fire and international border monitoring, and more [87]. In many of these areas, it is
beneficial for the vehicle to have vertical lift capabilities, making it useful in smaller and more
confined spaces without a runway [94]. In addition, many applications require the aircraft to be
able to hover in order to fulfil its mission. With this in mind, a large part of the UAV market
will be taken up by vertical take off and landing (VTOL) and hybrid vehicles. A hybrid vehicle
is a mixture of fixed wing and rotary wing systems, and in some respects can fulfil a wider
range of possible applications. However, the advantages come at a cost in terms of high energy
consumption during the vertical phases of flight. Hybrid aircraft, like the rotorcraft from which
they are derived, face similar challenges in this respect. Such aircraft, which almost always have
distributed propulsion systems, benefit greatly from the use of electric motors to provide thrust.
Electric propulsion, excluding the energy storage system, is efficient, lightweight, robust, fast
and easy to use. The main problem is the lack of sufficient electrical power on board. There are
many ways to overcome this challenge, such as using fuel cells or equipping the aircraft with an
internal combustion engine in addition to vertical electric propulsion. These methods are very
promising and have been used successfully. However, the research presented in this thesis takes
a different approach and focuses on saving energy through careful planning of the motion and

control of the vehicle.



1.1. Thesis objective

The objective of the following thesis is to study the motion of a VTOL quad-plane aircraft
and to derive an energy optimal control system for the transition phase of the aircraft, i.e. the
transient phase between hover and high speed forward flight. As a method to achieve this
goal, optimal control theory has been chosen as it provides a very comprehensive solution to
all aspects of the problem. The first issue is to derive a trajectory that the aircraft must follow in
the transition phase in order to reach forward flight with the least amount of energy expended.
The advantage of using nonlinear optimal control methods is that the trajectory is guaranteed
to be feasible in the context of the dynamics of the vehicle, the motors, and the constraints
and limitations. Consequently, the trajectory is most likely to be achieved by a control system
designed exactly for this goal with a proper allocation of controls to achieve optimal tracking
with a small error. The derived optimal control system, as well as optimal trajectory is expected
to yield a decrease in energy consumed during high energy flight phases. These measures will
play to extend the endurance of the electric VTOL.

A quad-plane is a very aerodynamically complex vehicle with a different behavior in every
flight phase. After take off, while hovering, the aircraft has to gain altitude to be at a safe height
to allow for further maneuvers. Next, in the transition phase, the aircraft must accelerate at least
to stall speed, during which the thrust of the propellers is slowly being replaced by lift from the
wings. The aircraft then reaches cruise speed. The same repeats whenever aircraft is expected
to decelerate to a hover in place or land. As can be imagined, for an already designed vehicle,
not much energy can be saved in hover or in forward flight. In hover, the energy consumed
is dependent on weight of the vehicle, the efficiencies of the system, and any disturbances, for
example due to weather. In forward flight, the aircraft geometry has already been optimized
for cruise conditions, moreover, the energy requirements for the horizontal flight propulsion are
low. The most savings can be gained in carefully designing the course of the transition phase.

Previous tests in wind tunnel (figure 1.1) on a quad plane propulsion system proved that
there is high interference between the propellers as well as between propellers and elements
of the aircraft body close to them. This interference causes a reduction in total thrust which is
a very sensitive aspect of VTOLs. They should have as much thrust to weight as possible,
while also minimizing the weight of the propulsion system. Therefore it was concluded in
previous works [110], that careful design should be performed as to the placement and the way

of mounting the motors. Especially any component that is close to the propellers should be



decreased in size to reduce the blockage effect. Another thing that was discovered was the drag
of the whole tail boom and propellers system. This drag was higher, the larger the rotation
speed and thrust of the propellers. The thrust was dependent of airflow and angle of attack.
For positive angles, when the airflow was from below the propeller - the thrust increased. The
opposite was true at negative angles. The propulsion system, due to the difference in conditions
between front and rear propellers also caused an adverse pitching moment and reduced the
amount of thrust at the rear to compensate for it. All of the effects increased furthermore with
speed. Therefore, it was decided that a simple analysis, disregarding the above is not enough to
establish realistic performance capabilities of the aircraft. The mentioned adverse effects have a
large impact on the duration of flight due to a limited battery capacity. During the first flights of
the aircraft, the expected battery capacity turned out to be not enough to fulfill the requirements,
and some modifications were necessary. The mentioned aerodynamic/interference effects are

mostly pronounced in the transition phase, when the aircraft accelerates.

S T

Figure 1.1. Tail boom in the wind tunnel [110].

For those reasons, the optimization of the transition phase must be performed with the aero-
dynamic effects included.

The topic undertaken in this thesis has been previously investigated in [48]. The paper was a
first attempt in testing the possibility and potential benefits of optimizing the transition trajectory
to reduce the energy consumption of a quad plane. Therefore, in this preliminary context the
study considers a more simplified case focusing on the pitch angle of the aircraft. To describe the

progression of the angle along the transition trajectory, a single polynomial spanning the whole
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transition time was used, which is different than the collocation method used often in numerical
optimal control which allows to split the interval into smaller sections and propose a polynomial
in each section with proper boundary conditions at section ends. The paper moreover did not take
into account control considerations, such as realizing the trajectory, actuator limits and so on.
Nevertheless, even for such a simple case, the results proved that optimizing the trajectory yields
measurable savings. The optimal pitch angle profile has been derived for a 3 degree-of-freedom
model of the aircraft. Two propeller models were investigated - one with no aerodynamic in-
terference effects, and the second with the effects included. Without taking into account the
aerodynamics of the propeller, the savings in comparison to a reference trajectory was 32%,
and for a more realistic case with the aerodynamics effects included, optimization brought 36%
in savings. The coefficients of the polynomial have been optimized with the OptiM software,
developed prior in the Warsaw University of Technology [93]. In this thesis, this topic is further
investigated, for a case that allows the aircraft to utilize a fuller envelope of operation in terms of
higher pitch angles and more control in altitude changes during maneuver. Moreover, the model
is more detailed and includes more effects, such as for example gyroscopic and increases the
fidelity in modeling other effects, such as propulsive and aerodynamic, in comparison to the pre-
vious analysis. Lastly, the problem is constrained in terms of motor and actuator limits, as well
as limited in the range of possible angles, yielding a more feasible solution. In the case analyzed
in this thesis, instead of a polynomial spanning a full maneuver time, collocation method was
used, which allowed to split the maneuver into smaller time intervals, and fit a polynomial that
matches the dynamic equation in each collocation points and each end of intervals. Moreover,
since the latest publication cited above, the numerical model has been improved to reflect the
capabilities of the aircraft better. The obtained optimal trajectory has been moreover proven to

be feasible and possible to be executed with the use of a feedback control system.

1.2. Vertical Take off and Landing UAVs

Airborne unmanned aerial vehicles (UAVs) can take the form of fixed wing, rotary wing,
rockets, airships and other types. Each is designed or chosen for a specific purpose and operates
within its own envelope. By combining two or more types of vehicles, the envelope of operation
can be extended, leading to a wider range of applications. One promising example of this is the
fixed wing + rotary wing hybrid (VTOL - vertical take off and land aircraft). This vehicle type

combines characteristics of rotary and fixed wing vehicles, allowing for vertical take off and



longer flight duration and speed. VTOL vehicles have proven to be good candidates to fulfill
many possible applications, such as air-taxis, military, and more [36]. For instance, in December
2022, the US military has announced that a hybrid tilt rotor Bell V-280 Valor won the Future
Long-Range Assault Aircraft (FLRAA) competition to be the successor to the UH-60 Black
Hawk in US army [123]. In passenger drone market can also be seen a shift toward hybrid
vehicles, with many companies, such as Airbus [28], Wisk (Boeing) [148], Velocopter [142],
Joby Aviation [68], and many more striving to be present in this growing market.

The main disadvantage of the hybrid solution is that it is more complex than both types
separately. During certain flight phases, some components are redundant. For instance, during
the vertical flight phase, both the aecrodynamic surfaces and horizontal propulsion are unneces-
sary; the same applies to the horizontal flight phase and vertical propulsion. Although unused
components add mass and drag to the system, they are a necessary part of the system if the
desired performance is to be achieved.

One method to reduce this impact is to employ the same propulsion system in both the verti-
cal and forward flight phases, and alter the airplane’s or propulsion system’s attitude. Illustrative
examples are the tilt wings, tilt rotors, and tail sitters. However, using one propulsion system for
both purposes is not an ideal solution as the power required for vertical flight is larger than that
for horizontal flight [50]. Consequently, during the horizontal flight phase, the propulsion sys-
tem needs to use only a small part of the total power, making the system heavier than necessary
for horizontal flight requirements. When it comes to tilt wings and tilt rotors, the addition of
the tilting mechanism contributes to the vehicle’s weight. Tail sitters hold considerable promise,
but their usage might be limited as they often require a drastic change in orientation from ver-
tical to horizontal, which could limit the type of payload they can carry. Additionally, some
tail sitters may require a runway or a controlled field for belly landing. In certain cases, these
configurations possess additional small propellers to control attitude during hover and improve
stability. Tilting wing or rotor aircrafts have a small propeller at the rear [61] for pitch control,
while tail sitters have either a vectored thrust mechanism or wing propellers to control yaw and
roll. All flight phases in the aforementioned configurations are interconnected and continuous,
and there is a high degree of cross-coupling between vertical and horizontal motion parameters.
It is often essential to carry out wind tunnel tests and calculations to thoroughly examine this

cross-coupling [62].
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Figure 1.2. Examples of VTOL UAVs

The VTOL type that was analyzed in this study is called the quad-plane, which combines
a quad copter with a fixed wing aircraft. The hybrid VTOL approach allows to achieve longer
flight times in comparison to the quad copter [103]. Moreover, the separate vertical and hori-
zontal propulsion systems lead to a greater number of motors and propellers compared to other
configurations. This fact results in added redundancy and increased safety for the vehicle. In
addition to enhancing safety, the quad-plane allows for return and landing even in situations
where the vertical propulsion is lost or the battery capacity is low. Furthermore, optimizing
the aircraft’s geometry exclusively for forward flight (e.g. increasing stability, endurance, and
decreasing drag) is possible due to the minimal influence of the vertical propulsion on forward
flight aerodynamics. The propellers of the vertical propulsion system, near-propeller equipment,
and nacelles generate drag, which can be reduced through careful aerodynamic design, such as
the use of ducted propellers. Aerodynamics of the aircraft body minimally affect vertical flight.
The quad-plane’s flight stages are distinct and separate, and cross-coupling is minimized. The
transitional phase is the only exception to the statement above. During the transition of such
aircraft, the aerodynamics of vertical and horizontal propulsion are interdependent, heavily in-
fluencing each other. Additionally, the design and control properties for vertical (hovering) and
low speed motion can be adapted from quadcopter design principles, which have been exten-
sively studied and documented in literature [54], [119]. Other, more unusual configurations
require additional research and tests.

The control of a quad-plane consists of a mix of control actuators used classically in fixed
wing vehicles (i.e. elevator, rudder, ailerons, and engine thrust), and actuators used for quad
rotor vehicle flight. Vertical quad rotor movement is realized with 4 (or 8 in the case of an octo
copter) motor propeller sets. The BLDC motors are controlled by an ESC (electronic speed

controlled) with a PWM (pulse-width modulation) signal to control the rotation speed. The

11



motors can be programmed for arbitrary rotation direction, which is used to counter the torques
between motors. The yaw motion of the vehicle can be achieved with nonuniform PWM values
across the torque-cancelling motors to achieve the total nonzero torque that will create a yaw
rate in the desired direction. Moreover, the motor and propeller sets mounted on the quad plane
can be placed at a small incidence angle in regard to the aircraft axes to enhance the yaw control.
The reason is that the thrust force vector is then inclined creating a horizontal vector component,
which causes a yaw moment under differential throttle signal between motors.

Likewise, pitch angle and the roll angle are controlled by uneven motor speeds (and propeller
thrust) across the front and rear, as well as left and right propellers. Finally, the vertical speed
of the vehicle is controlled by increasing or reducing the total thrust on all propellers. The high
coupling between the various outputs is a source of more complexity in aircraft control system,
in opposition to classical, simple aircraft control, where each rotation rate is controlled by a
single actuator (e.g., the elevator controls pitch), with very minimal coupling between axes. A
quad-plane, having a control that is a combination of the above two systems, is therefore more
complex than the two types separately. Fortunately, the two propulsion and control systems
in most cases operate separately, 1.e. the vertical flight actuators operate in hover and vertical
flight, and the horizontal flight actuators - in high speed, forward flight.

All VTOL aircraft configurations have a characteristic of higher energy consumption than
conventional aircraft. Vertical propulsion commonly utilises electric motors and propellers for
their high efficiency, user-friendliness, fast responses, and predictable response to control inputs.
To save precious and limited electrical energy, an internal combustion engine is occasionally
utilised to prolong the forward flight endurance. This enables the aircraft to complete its mission
and return home safely, even in the event of complete battery depletion utilised for propulsion.
Thus, the inadequate battery storage density and high energy consumption during vertical flight
are significant drawbacks of contemporary VTOLs. There are methods to decrease energy usage.
Opting for high efficiency motors and hovering propellers can help, but this is limited due to
the general restrictions of propellers. However, in forward flight, enhancements can be made
through low drag geometry and propulsion system design, such as ducted propellers, electronic
motor brakes to prevent autorotation, placing the stopped propellers in line with airflow, or a
propeller folding mechanism. During the transition phase, there is interaction and aerodynamic
interference between the propellers and the aircraft structure, as well as between the front and

rear propellers. To minimize energy consumption, it is essential to design the geometry and
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propulsion systems appropriately. This approach must be maintained for all of the flight phases
in which the aircraft operates.

The VTOL aircraft design can also be enhanced with the use of optimization, for instance
to achieve the desired endurance of the electric VTOL aircraft, considering the limiting factors
in design such as high battery weight and their low capacity [58], [94]. Moreover, design of
unconventional aircraft configurations is also promising to obtain a more competitive vehicle
with better performance characteristics [47]. But careful design is only one of the possible ways
to overcome the challenge of reducing the impact of high energy requirements. Implementing a
control system with the aim of minimizing flight energy can further reduce energy consumption
for an already built aircraft. However, due to high nonlinearity from aerodynamic interactions
and cross-coupling, designing a control system for hybrid vehicles is challenging. The inherent
trait of the quad-plane is in its flight phases, which are distinct and separated from each other.
The control system must therefore address a wide range of parameters and flight conditions.
A frequent technique in VTOL control systems is to create different controllers for each flight
condition and apply a switching or scheduling policy, or to use a nonlinear controller capable of
handling all flight phases and conditions [34]. In general, the strategies for control system design
in VTOLSs can be divided into two primary categories. In the first approach, namely the con-
troller scheduling approach, a controller with a varying structure (employing different control
policies for certain conditions), or with a uniform structure but changing parameters (scheduled
for selected operating points), is often used. It is important to blend different controllers during
switching to ensure safe and smooth operation. The second approach utilises a unified control
approach in which a single control policy is implemented to offer automatic control that is oper-
ational across all phases, with smooth and safe transition between them. Typically, this method

involves model based techniques and nonlinear control laws [34].
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Figure 1.3. Autonomous UAYV architecture [9]

Example UAV control system implementation architecture is shown ai figure 1.3. The main
component of the architecture is the path planner which is responsible for deriving a general
route or mission profile according to the goals stated by an operator. Based on the requirements,
the path planner derives a set of waypoints for a point to point algorithm to follow, or region
boundaries, where a search algorithm derives the best way to cover it. The path manager converts
a sequence of waypoints into paths that are possible to be flown by a UAV having in mind
the motion constraints arising from its dynamics. One way to achieve that is to provide the
path manager with a set of primitive paths, that are proven to be feasible for the UAV, for
example straight, segments of circular paths, or splines. The main role of those subsystems is
aircraft navigation and guidance i.e. establishing current aircraft position and guiding to the next
destination. Path manager and path planner are also responsible for safe obstacle avoidance, as
well as reacting to changing environmental conditions and unforeseen circumstances. In simple
systems, the path planner and manager are replaced by a human operator based on information
from onboard sensors and cameras.

Path following is responsible for providing tracking of the derived trajectory, and in combi-
nation with an autopilot, it translates the trajectory requirements into motor and servo inputs to
ensure good outer loop (position) and inner loop (attitude) tracking. On top of the autonomous
system is the unmanned vehicle that responds to controls, as well as disturbances and provides

its subsystems with information from onboard sensors with the use of filters and state estimators.
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The most common sensors mounted on a generic UAV include magnetometers, accelerometers,

rate gyros, pressure sensors, GPS receivers [9].

1.3. Path and trajectory planning

To perform its mission, or more strictly, maneuvers that compose the mission, an autonomous
vehicle must have a definition for the flight profile it is expected to follow. This profile can be
defined as a specific path or a trajectory, or in a more self guiding way - a set of requirements
upon which it can decide what route to follow. For example, the vehicle can be operating in
a crowded, confined space, with many obstacles present. In this context, path and trajectory
planning are crucial to allow the aircraft to fly undisturbed.

Path planning is a geometric (kinematic) problem that can be described with a set of posi-
tion coordinates and can include environmental and physical constraints, such as obstacles on
the path [10]. For instance, a path for a UAV can be specified using waypoints that have to
be reached by the vehicle during the flight, either by using an onboard path manager or with
the help of a human supervisor. Trajectory planning must moreover consider the environment
and the capabilities and limitations of the UAV. Therefore it is a more complex problem that
involves both kinematics and dynamics. It pertains to the aircraft’s movement in each instance
of time - the path it follows, as well as the manner in which state variables change as the maneu-
ver progresses. The trajectory must be flyable i.e. feasible for the vehicle to complete [2]. In
other words, trajectory is expressed in terms of the degrees of freedom of the aircraft and veloc-
ity/angle rates and described in each instance of time of the maneuver. A very popular trajectory
planning problem in UAVs is drone obstacle avoidance, but other are also being investigated,
such as optimal trajectories with the goal of flight extension, for example in solar powered
aircraft [145], time minimization in drone competitions [42], landing scenario refinement [63],
[139], energy minimization in high energy consumption scenarios [ 104], detection minimization
in stealth applications [109], automatic path generation in Free Route Airspace [126], and more.
Trajectory planning is often used for guidance as well, using a kinematic, simplified model of
the vehicle and taking into account limitations on possible accelerations [70]. In general, the

two types of trajectories are considered.

e Trim trajectories - a steady state or quasi-steady flight trajectory

e Maneuvers - transitions between trim trajectories
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The above two types are desirable and arise from intentional control. They are moreover
possible to shape within limits of the capabilities of the aircraft. However, worth adding is
that there are cases of trajectories that are in most but academic contexts unintentional and
undesirable. The shape of these trajectories are dependent on the aircraft characteristics, not
deliberate control policies either from a pilot or from a control system. One example is aircraft
in a spin in which the trajectory of the motion is worth analyzing to obtain methods to break the
spin and recover into a desirable post-spin trajectory [121].

The trajectory generation methods can be split into ’path finding” scenarios and optimal
scenarios. In the former, the path among a variable terrain, with many obstacles can be found
for example with a search algorithm such as the Dijkstra algorithm [86], Dubins curve algorithm,
Voronoi Diagram method, and other [2]. This class of trajectory generators must use knowledge
of the environment as a map (in a more global or in a local region), moreover the algorithm
can be augmented with sensors to avoid collision with previously unknown obstacles [90] in an
adaptive approach. The next method in path searching algorithms is the intelligent algorithms.
The further classification in both deterministic and heuristic path planning approaches are vast
and consist of a large number of methods and modifications [81], [85], [151], therefore they are
not listed here, as this thesis focuses on trajectory planning on a straight path. Search algorithms
provide a geometric (kinematic) solutions that must be augmented with constraints based on the
vehicle limits to ensure that the UAV is able to complete it [151].

Optimal trajectories can be found through the optimal control approach. The range of prob-
lems that can be solved by this approach include obstacle avoidance and path finding, but also
include problems with other, non geometric requirements. An example is time-optimal flight
through a predefined race course. Optimal control, especially direct optimal control is more
suited for high dimensional, constrained systems [69]. Moreover, the vehicle state constraints
can be augmented from the start and derive a feasible path. However, the drawback of this
method is the high computation time which prevents to use optimal control in a real time ap-
plication and instead, at the time of writing this thesis, requires an additional onboard control

system to follow the precomputed trajectory.

1.4. Review of optimal control software

Software for solving optimal control problems is usually based on two methods: the indirect

and the direct method. The indirect method requires more preparation, and usually involves
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hand calculations to derive the optimality conditions. As can be expected, this approach can
become cumbersome for large, or complex systems. The boundary value problem that is the
result of those precomputations can be then solved by numerical solvers. On the other hand,
the direct method is used directly on the problem formulation by transcribing the dynamics on
the trajectory by a simpler function with a set of parameters. The static parameter optimization
problem is then solved by a nonlinear programming solver. For high order dynamical systems
with many constraints, and a longer transition duration or larger number of discrete timesteps,
the number of parameters can become large, and large scale optimization and algebraic solvers
are needed. Due to the complexity and scale of the optimization problem posed in this thesis,
only direct methods are of interest. The indirect methods were not viable for a model of the size
and complexity as presented here.

A brief summary of software to solve an optimal control problem by means of direct meth-
ods is presented below. Also, only software packages for MATLAB are shown. The reason is
that the aircraft model was prepared in Simulink, making use of a vast number of simulation,
algebraic and optimization tools, so the goal was to use the good compatibility and easy com-
munication between Simulink and MATLAB. The objective for choosing the software was good
functionality (use of various schemes for problem transcription and function discretization), the
completeness of the package (it should contain a transcribing algorithm, optimizer, and algebraic
solvers, possibly as third-party add-ons, included with the package). Moreover, the package was
chosen for its availability and good quality of documentation and example problems. Below, a

short description of each of the MATLAB OCP packages is presented.

e [CLOCS2 (Imperial College of London Optimal Control Software) is an open-source pack-
age for MATLAB. It offers multiple shooting and collocation transcription methods, a large
number of discretization options (both polynomial and pseudospectral collocation), and al-
gorithmic differentiation through the Adigator package. It can be used with an interior-point
optimization solver [POPT or MATLAB fmincon, as well as a sequential quadratic optimiza-
tion solver WORHP [66]. TPOPT needs to be installed along the ICLOCS2 with a MAT-
LAB interface. Luckily, the process is easy due to good documentation and instructions.
ICLOCS2 provides a vast library with example problems for a fast start with the software.

e PROPT is a commercial, fast optimal control platform (as stated by the creators) for MAT-
LAB. It utilizes solvers such as: KNITRO, CONOPT, SNOPT. PROPT uses pseudospectral
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Gauss and Chebyshev point collocation [137]. PROPT is a commercial, paid software and
offers academic and commercial licenses.

e OpenOCL provides a modeling language that allows to define optimal control problems.
It implements direct collocations methods, and interfaces automatic differentiation module
CasADi and IPOPT NLP solver to solve a nonlinear optimization problem. The software
also supports model predictive control simulations for dynamics systems [102].

e GPOPS-2 (General Purpose OPtimal Control Software) is a commercial, paid software for
optimal control for MATLAB. It uses hp-adaptive pseudospectral collocation based on Gaus-
sian quadrature. GPOPS-2 can be used with SNOPT NLP solver, which has to be bought
separately [108].

e ACADO is a toolbox used for optimal control, state and parameter estimation, and model
predictive control. It is written in C++ and provides an interface for MATLAB. For optimal
control, it implements collocation, as well as shooting and multiple shooting. Acado is free
and distributed under the GNU Lesser General Public License [64]

e DIDO is a paid software for defining and solving optimal control problems. It is based
on pseudospectral collocation and is said to be a minimalist optimal control software that
does not require any knowledge on the underlying theory from the user. It is available as a
standalone optimal control toolbox for MATLAB and does not require any third party NLP
solvers such as SNOPT or IPOPT [124].

From the above list, ICLOCS2 was chosen as the software to solve optimal control problems.
For nonlinear optimization, [CLOCS2 uses IPOPT (Interior Point OPTImizer). It is a large scale
nonlinear programming solver for constrained optimization problems utilizing a primal dual
interior point method, and a line search algorithm based on a gradient optimization method. It
can be used with a user provided Jacobian and Hessian information, as well as computed with a
built in BFGS quasi-Newton algorithm. IPOPT is written in FORTRAN, C and C++ and is free
to use under an Eclipse Public License. A third-party interface to MATLAB is available [144].
Other nonlinear optimization (NLP) solvers, used often in optimal control applications that are

worth mentioning are

e MATLAB fmincon is a sequential quadratic programming solver for constrained optimiza-
tion. It uses a formulation with an interior point method, as well as a trust region reflective
method, and an active set method. It also is based on a gradient line search method. The

solver comes with a MATLAB license [39].
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e Khnitro (Nonlinear Interior point Trust Region Optimization) is a large scale software for
solving nonlinear, linear, quadratic, sequential quadratic problems, as well as mixed integer
and regression problems. It has a multitude of interfaces to many popular programming
languages. The solver offers many methods for the mentioned problems, including the two
interior point/barrier and two active set/SQP algorithms. A paid license is required to use
the software [25].

e SNOPT (Sparse Nonlinear OPTimizer) is another large scale nonlinear programming solver.
It is written in FORTRAN but offers interfaces to C, C++, Python, and MATLAB. It em-
ploys a sequential quadratic programming (SQP) algorithm with limited memory for sparse
formulation and quasi-Newton approximations to the Hessian of the Lagrangian [46].

e WORHP (We Optimize Really Huge Problems) is a software library for solving large scale
nonlinear optimization problems widely used by the European Space Agency. It benefits
from outside information on Jacobians and Hessian, for example through automatic differen-
tiation provided by AMPL or analytical. Jacobian can also be approximated by finite differ-
ences and Hessian by variations of the BFGS method. The software is written in FORTRAN
and C and offers interfaces to MATLAB, CasADi and AMPL modelling environments [24].

1.5. Current state

This section contains a summary of the most relevant research to this thesis’ goal that can
be found in the literature. The type of vertical take-off aircraft chosen for this thesis, as was
mentioned already, is only one of a set of similar configurations. The number of works relating
to the quad-plane is limited, and a more significant portion of the research found in literature
is devoted to the other VTOL aircraft types. However, many similarities can be found between
the configurations. Therefore, the following literature review is split into parts dedicated to
propeller-powered VTOL aircraft, i.e., the modeling of aerodynamics, trajectory optimization,
and vehicle control. The last part of this literature review describes the above topics specifically

in the context of a quad-plane.

1.5.1. Aerodynamic modeling

In VTOLs, three important elements of an aerodynamic model can be distinguished. They
are respectively the model of body aerodynamics, i.e., the lift and drag of the vehicle to reflect
the forces and moments in fixed-wing, high-speed flight. The second element is the vertical

and horizontal propeller aerodynamics, precisely thrust, shaft torque, and other off-axis forces
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and moments. The rotor forces and moments should be modeled for the hover, transition, and
high-speed flight phases. The third aspect is the interaction between the propeller-induced flow
and body surfaces. All these parts of the problem are essential in VTOLs. However, the last one
is especially pronounced in configurations where more body-propeller interference is present
compared to other solutions. The tilt-wing (or tilt-rotor) and tail sitters are two examples of
such configurations. This section therefore presents the mentioned issues for other VTOL con-
figurations than the quad-plane which is the main topic of this thesis. The purpose is to highlight
the fact that all of those vehicles operate in very similar aerodynamic regimes, and so the ideas
and conclusions from works on other types of VTOLSs are relevant to the quad-plane. The most
often used vertical configurations are the tilt-wings, tilt-rotors, tail-sitters, and multi-copters,
therefore the issues of aerodynamic modeling in all flight phases are shown in the selected lit-
erature review.

The review begins with the paper [154]. The authors, having stated the high importance
of modeling aerodynamic interference in transition, proceed to developing a model to describe
these relations and the quantitative results they bring. The test object is the TURAC aircraft
developed at Istanbul Technical University. It is a blended-body tilt rotor VTOL aircraft with
an additional fixed co-axial lifting fan in the rear of the body. The authors propose a transition
scenario for the drone, namely that after reaching a safe transition altitude, the aircraft starts
to accelerate by changing the attitude angle of the tilting rotors. The transition is completed
when the rotor axes are facing the direction of flight and the vehicle’s speed exceeds the stall
speed. The authors note that most of the relevant works focus only on modeling the VTOL
flight phases, i.e., the hover and forward flight separately. The models for the separate phases
are often obtained with CFD methods. Modeling of aerodynamics in the transition phase is done
by blending the results from the two regimes. However, this approach loses invaluable infor-
mation on rotor/wing interaction and variable flowfield shape along the span of the wing that
results from the propeller-induced slipstream. Therefore, the method proposed by the authors
of the mentioned paper includes the aerodynamic interactions. The paper begins by developing
a numerical model of the aircraft’s motion, focusing on aerodynamic forces in transition. As
the tilt angle of the rotor changes, also change aerodynamic forces and moments due to rotor
slipstream. The paper therefore includes the model of propeller-induced and free airflow ve-
locity on the tested body, the dependence of this effect on the rotor tilt angle, and finally, the

propeller thrust to flight speed relationship. The mentioned aerodynamic forces are modeled lin-
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early and imposed on the vehicle numeric model with the superposition rule. The aerodynamic
coefficients are calculated with 2D and 3D CFD methods for the vehicle body and propellers
and implemented as lookup tables. Using the derived model and conclusions from aerodynamic
analysis, the authors proposed forward (hover to flight) and back (flight to hover) transition
scenarios in terms of the tilt angle of the propellers. The research in the paper is concluded
by running a 6-degree-of-freedom simulation and flight tests of the whole mission scenario,
including the hover, forward- and back-transition, and a short forward flight. All phases are
performed using a control system, which is not mentioned in the paper in detail. Worth noting
is the duration of the transitions, i.e., the forward transition takes about 20 seconds, and the
backward transition - short of a minute, and the fact that the authors used a relatively simple
tilt change step commands (90° in hover and back transition, 0° in forward flight, and 82° in
forward transition).

The authors of [62] focus on a similar configuration, namely the tilt-wing, and present the
design and wind tunnel tests focusing on propeller-induced slipstream on the aerodynamic co-
efficients and stability in transition. The proposed AVIGLE tilt wing aircraft has large flaps at
the trailing edge of the wings to enhance pitch and yaw control in the hover phase, and a small
vertical flight impeller to improve attitude control. Due to the chosen aircraft configuration,
careful testing and design were needed to correctly estimate the effect of the propeller-induced
slipstream on the trailing control surfaces to ensure trim in all flight phases. Numerical methods
(propeller momentum theory and XFLRS5 for wing coefficients) and experimental methods (wind
tunnel) were used. The wind tunnel tests were also used to verify the aircraft’s proposed design
and acquire vehicle aerodynamic characteristics with the propellers operating and without for
transition and forward flight phases. Moreover, the researchers investigated the influence of
variable thrust and wing, elevator and engine mount incidence angles. The results from the tests
showed the importance of modeling of the propeller/wing interaction for the VTOL configura-
tion described in the paper. This effect resulted in accelerated slipstream of the propeller and a
change in wing lift, as well as an increased drag, and an increased yaw and roll moment control
in hover due to rotor/flap interaction. In summary, wind tunnel results proved to be consistent
with the proposed numerical model despite marginal differences for all flight phases, and the
analyses allowed to confirm that the chosen aircraft will be able to be trimmed in the transition
by using the vehicle’s control surfaces and propellers.

The next relevant work focuses on a multi-copter. Despite the lack of aerodynamic lifting
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surfaces, this configuration is quite similar to the quad-plane, especially in the hover phase
and at the beginning of the transition phase, where only small aerodynamic forces are present.
In [59], the authors state that so far, more significant efforts have been put into analyzing the
steady, nominal operating conditions of multi-copters, with less focus devoted to the phases that
deviate further from the hovering regime of the vehicle, such as for example fast forward flight.
Therefore, this work focuses more on the nonnominal phases. In opposition to the works pre-
sented in earlier references, this research borrows some ideas from helicopter rotor phenomena
despite the propeller sizes and loads not diverging from those used in tail sitters, tilt rotors, or
quad-planes of similar sizes. The paper explores in detail the influence of the variable angle
of attack, forward flight speed, and their impact on attitude and altitude control. It notes that
most research on multi-rotors approximates these states with hover conditions. More on the
results from this research, as it is especially relevant and thorough, will be described in later
sections. Here, however, it is worth highlighting that the authors used analytical and experimen-
tal methods to describe the phenomena relating to quadcopter propellers. Using mathematical
relations, wind tunnel tests, and flight tests, the authors came to the conclusion that the most im-
portant factors that influence the behavior and performance of the multi-rotor are the variability
of propeller thrust and motor power from variable free airflow speeds and angles of attack, the
different conditions of advancing and retreating propeller blades, that lead to similar effects and
additional forces and moments as in helicopters, and finally, the interference effect between
propeller-induced flow and vehicle body. The authors conclude that the above effects and the
stochastic vortex ring state in some flight conditions can yield unsteady behavior and difficulties
in attitude control. The results from flight tests with an experimental multi-copter using a PID
controller for attitude tracking confirmed the predicted effects and issues. The tests proved that
the control systems based on existing multi-copter models (modeled for hover conditions) can
indeed cause inadequate attitude tracking at forward flight and in variable environments. The
paper concludes that including ideas similar to helicopter rotor theory and models is vital in
understanding and adequately controlling vertically flying vehicles.

In [135], the authors focus on another VTOL configuration - the tail sitter. The paper de-
scribes aerodynamic modeling using a complete azimuthal blade element theory of the propeller
that allows to derive the forces and moments in all rotor axes, in nonzero, oft-axis inflow velocity
conditions. The tail-sitter body aerodynamic forces and moments are calculated by low-order

panel methods aided by experimental data. By combining the two methods, the authors state

22



that it was possible to achieve a complete model of the wing/propeller with the inclusion of
rotor-induced slipstream effects. The proposed tail sitter shares a feature with the previously
mentioned tilt wing in that they both incorporate large control surfaces at the trailing edge of
the wing. Therefore, the authors state that it is necessary to discover the correct relations and
behavior between propeller-induced slipstream and the effectiveness of the aerodynamic control
devices. The blade element theory is used to predict the forces, moments, and the slipstream
flow components of the propeller. The propeller downwash flowfield information is then added
to the freestream velocity for the panel method calculations of the vehicle’s wings and fins.
Lastly, the result from the inviscid panel method is augmented with 2D experimental airfoil
data. Through this approach, it is possible to model aecrodynamic coefficients outside of the lin-
ear ranges, which is especially important during low speed flight, for example during transition.
The proposed three step approach is said to be better for MDO and simulation purposes, as it
is less computationally demanding than CFD. It was compared against experimental results and
was proven to be accurate for these goals despite the limiting assumptions used throughout the
paper. The most interesting result from the chosen methodology was the spanwise distribution of
the velocity field, angle of attack, loads, and lift coefficient. The effect of the propeller-induced
slipstream is clearly visible on the mentioned parameters and gives a good insight as to the
impact the chord-aligned rotor have on the tail-sitter configuration. The wing parameter results
are then integrated to achieve the body X force, Z force and elevon-generated pitching moment.
The mentioned variables are presented as functions of angle of attack and velocity of the vehicle
and can be used to construct a large database for aerodynamic coefficients for the tail-sitter. This
database is expected to be presented as a lookup table and used in simulation of the vehicle in
various conditions. The authors also discussed the uncertainty in the forces and moments in
some regions of airflow parameters where the limiting assumptions they took are invalid, and
the results of the analysis imprecise.

Finally, this part of the literature review is concluded with analysis of a VTOL configuration
that is a direct hybrid of a tandem-wing aircraft and a quad-rotor. Design, performance and
tests of a VTOL quad-rotor biplane’s are presented in [65]. The proposed biplane operates in
transition just like the tail-sitter, in that it changes vehicle attitude between hover and forward
flight. The research presents wind tunnel tests of the single, isolated propeller in non-axial flow
and a propeller-wing pair and compares results between the two cases. Similarly, as in other

papers that deal with aerodynamic modeling and analysis, the authors of this paper also note
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the variability of the flight conditions experienced by the vehicle in a mission profile and a high
propeller/body interference. The authors compare vertical and horizontal forces in regards to
the airspeed direction instead of thrust and off-axis forces, which is less convenient from the
point of view of analysis of propeller characteristics. The important conclusion is the difference
in forces produced by a single propeller and with wing interference and the difference in axial
and non-axial conditions. In the case of a wing, the vertical force is higher, and the horizontal
force is lower than in a single propeller. This result is due to the increased slipstream and
propeller-induced downwash on the wing. The paper also investigates the power of flight of the
vehicle and states that power usage is about three times higher in vertical flight than in cruise
flight for this selected vehicle. The authors also explored the propeller shaft offset perpendicular
to the wing chord. They noted that the best placement aligns with the wing chord for this specific
configuration.

The above references were presented here to highlight how crucial aerodynamic modeling
and tests are in propeller-powered vertical take-off vehicles of various configurations. This
notion will be important in this thesis and in modeling the quad-plane’s aerodynamic character-

istics.

1.5.2. Trajectory optimization and optimal control

An essential part of this thesis that is reflected in the presented literature review is optimal
control, and a related topic of flight trajectory optimization. Trajectory planning and optimiza-
tion have gained traction in crewed and uncrewed vehicles for the last 50 years. The emergence
of many readily available optimal control software has allowed further accelerations in this do-
main. This trend is also seen in vertical take-off aircraft and drones, as it allows to utilize the
full envelope and control authority to perform the mission in the best, most optimal way under
the selected requirements. Some examples from various areas of aerospace of using the optimal
control theory to optimize the trajectory that can be found in the literature are briefly presented
in this section, along with vertical flight examples.

Numerical optimal control theory has been used with success in spacecraft applications, one
of the examples being the 2012 Optimal Propellant Maneuver (OPM). The optimization of the
maneuver trajectory was performed for vehicle docking to the International Space Station (ISS).
The resulting trajectory provided savings of 93% of propellant, in comparison to a case where a
default ISS flight software was used. The trajectory was computed offline and then implemented

in the tracking control system [13]. The authors compare the OPM to the Zero Propellant
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Maneuver (ZPM), through which the ISS can change its attitude by using momentum dumping of
the Control Moment Gyroscope (CMG) with no propellant expenditure. However, due to issues
with CMG saturation, the maneuver can only be performed on a larger time scale. In the case
of OPM, on top of using the CMG, the maneuver also assumed using thrusters. In this manner,
the ISS could change its attitude to allow docking in a much shorter time, shortening the time
spent outside regular ISS operations. Moreover, the thrusters have more control authority and
can handle disturbances better. The solution to the OPM was achieved with the use of optimal
control DIDO software. In [145], three direct optimal control methods were compared for the
generation and refinement of solar sail trajectories: shooting, finite differences, and collocation,
and argued the need for numerical methods along with analytical methods in the design of solar
sail mission profiles. A review of optimal control methods for low thrust space trajectories is
provided by [138]. In the paper, different collocation methods are compared: Hermite-Simpson,
high order scheme with LGL, LG, and LGR collocation points, and pseudospectral collocation.

In manned aerospace applications, trajectory optimization has also been used for commercial
aircraft to optimize the flight trajectory close to the airport and during landing to minimize noise
[140]. The paper states that one way to decrease noise in urban areas close to airports is to reduce
the noise generated by the engines. The other method to be used, that involves no redesigning
of the aircraft components is to optimize the landing trajectory of a 3 degree-of-freedom aircraft
model. For the calculations, two optimal control solver methods were used and yielded a 7%
noise reduction. In reference [43], authors compare four collocation methods to obtain a fuel
consumption optimal aircraft cruise at constant altitude. Authors of [153] used a sequential con-
vex programming algorithm based on a Chebyshev pseudospectral method to derive an optimal
reentry trajectory of a hypersonic vehicle. The trajectory is heavily constrained regarding heat
rating, dynamic pressure, and loading.

Optimal control theory has also been applied to the competitive copters, in minimizing the
time needed to complete a drone racing competition course and maximizing the control inputs
just below the saturation to achieve better agility [42]. The trajectory in the paper is computed
offline , as the time to complete the calculation for a given course was about 40 minutes, so
it excluded any on-line onboard applications. The algorithm utilizes a measure of progress
along the way-points on a trajectory along with a value of proximity from the way-points. The
way-point is marked completed if the drone passes it at a certain distance threshold. The authors

put some considerations into a discussion of the nonconvexity of the optimization problem and

25



the guarantee of global optimality of the trajectory. The authors explore the use of a convex,
approximate problem with linearized dynamics as an initial guess to the optimization solver. An-
other approach is to use multiple problems with different values for initialization and to compare
the sensitivity of the solution to the initial guess. The authors also note an important remark in
real-world algorithm deployment. The time optimal strategy lies at the saturation of the control
actuators, and may leave no control authority to deal with disturbances. The authors propose
leaving a margin of actuator authority to aid disturbance rejection. A tracking control system is
employed to follow the trajectory. The authors admit that even with an imperfect following of
the trajectory, the autonomous drone won the race against experienced human pilots with whom
it competed. A similar goal, but for a swarm of quad-rotors, was achieved by [129]. As with the
previous paper, the authors utilized maximum maneuverability while also ensuring no collision
between swarm members. The findings have been verified by a 5-drone 6-way-point case in
simulations and by a 2-drone 3-way-point case in actual flight. This paper also uses the idea of
trajectory progress and way-point proximity. The optimization problem is formulated with the
use of dynamic constraints, way-point constraints, actuator limitations, and initial conditions,
as well as with collision constraints, to ensure the swarm members do not collide mid-flight. A
time delay between members is also used to further ensure this. The derived trajectories for each
drone are calculated offline, in a separate computer, and implemented onboard with a feedback
control system (a generic PX4 controller) to correct the deviation.

A 2013 paper by Brzozowski, B. and Kowaleczko, G. [22] discussed stating an optimal
control problem for a quadcopter UAV and in [23] proposed an algorithm based on the con-
jugate gradient method to solve the posed OCP. The first paper describes modeling of a 6
degree-of-freedom motion of a quadcopter UAV. The goal of the analysis was to find opti-
mal control that minimizes the state deviation during and at the end of the maneuver. These
maneuvers included hover, course change, and motion in the vertical and the horizontal plane.
The second mentioned paper describes the procedure to pose an optimal control problem for
the UAV maneuver. These include preparing a dynamic model of motion, proposing a set of
constraints on state and control throughout the maneuver time, initial and final state values and
finally proposing the objective. To solve the problem, the paper proposes an iterative numerical
algorithm based on Pontryagin’s minimum principle and the conjugate gradient optimization.
The results of the analysis showed quite large sensitivity of the algorithm on weighing coeffi-

cients used in the objective functional, as well as the step in the integration algorithm. Therefore,
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the authors note that choosing proper weights in the objective was cumbersome and a method
for selecting the weights would be beneficial to expand the algorithm. Regardless of that note,
the maneuver of changing the altitude of the UAV was completed successfully with the derived
optimal control and in the best chosen case allowed the vehicle to change the altitude by 3 meters
in about 5 seconds but maintaining the altitude after the maneuver was characterized by oscil-
lations in the vertical speed and altitude. Therefore, the authors propose to split the maneuver
into altitude change and hovering at the new height and to derive the optimal control for each
phase separately to avoid oscillations and improve the UAV response.

D. Horla and J. Cieslak [63] also discussed the optimal trajectories of quad rotors. In this
paper, the authors solved three cases of drone landing trajectory using dynamic programming,
Pontryagin’s minimum principle, and calculus of variation methods. The landing cases were the
minimum-time, minimum-energy, and velocity-penalized landing. First, a 6-degree-of-freedom
model of the quad-rotor drone is presented, along with the propulsion model based on the aero-
dynamic theory of the propeller. The model is then reduced by keeping only the vertical motion
states. In this way, the authors focus on the trajectory of the vehicle’s descent. Moreover, it is
assumed that all motors rotate with equal rotation speed. The reduced model therefore has two
states. The first considered case is the minimum-time landing, which consists of a free, unpow-
ered fall and a braking phase. It is assumed that the motors and propellers are stopped in the free
fall to reduce the energy loss from autorotation during this phase. In this case, the landing took
0.87 seconds. In the second case, the objective function to be minimized consists of the altitude
of the vehicle and control effort, which resulted in the landing that spanned 1.77 seconds. The
third case, the velocity-penalized landing minimizes a cost function that includes the control
effort and the descent velocity. The third scenario landing took 3.32 seconds. The derived tra-
jectory has been then implemented into a PID-based tracking control system with an estimator
and simulated with a reference trajectory interpolated from the optimization result. The I gain in
the controller was selected and fixed, and a systematic search in the admissible ranges aided in
selecting the P and D gains. The result of the landing simulation showed issues with following
the trajectories, and a delay in response was visible in each case. The control system needed
about 1 second in the worst case to converge to the trajectory in the minimum-time case. In the
two other cases, the tracking was better, and the simulated altitude of the drone was very close
to the optimal trajectories. The mentioned delay is due to using a 2-degree-of-freedom model

in deriving the optimal trajectories, while the realization of the trajectory with a control system

27



was used with an additional dynamic estimator that yielded the derived trajectory unfeasible for
the augmented system, and hence, the tracking was imperfect.

In [56], a lightweight algorithm for calculating the time-minimal intercepting trajectory with
online calculation capabilities is proposed. The algorithm is used to intercept a quad-copter with
balls in flight. The trajectory is recomputed at each controller update, making it an implicit
feedback control law. The authors of [91] propose a real-time trajectory generation algorithm
for fast-moving, high acceleration quad-rotors with minimum snap cost function formulation
operating in a tightly constrained indoor setting. The algorithm implemented on a quad-copter
allowed the vehicle to fly through a thrown circular hoop as well as complete a route composed
of three static hoops. Optimal control has also been used in multi-rotors performing preci-
sion agriculture [111]. The paper investigates using low-altitude remote sensing of the electric
UAV to maximize the field area covered and minimize energy and the drone’s operation cost.
The proposed solution is an alternative to high-altitude aerial or satellite field monitoring, used
more often in agriculture. The direct numerical method utilized to solve the problem was the
pseudospectral method with LGR-based quadrature collocation. The problem was solved in
GPOPS-2 software with IPOPT NLP solver. Minimum energy quad-rotor trajectory was also
investigated in [95]. Motivated by the limited flight endurance of quad-copters, an optimal con-
trol problem was formulated regarding the angular accelerations of four propellers in a transition
from the initial to the final quad-copter state. Moreover, the paper generated minimum time and
control effort trajectories for a fixed energy value throughout the maneuver. The propulsion sys-
tem model was augmented with an electrical model of a brushless DC motor. The calculations
were performed in ACADO software with multiple shooting transcription methods and an SQP
optimization algorithm.

In [45], a trajectory generation algorithm has been used to maximize the viewing time of
a point observed by a camera mounted on a fixed-wing UAV. The algorithm uses a direct col-
location optimal control method. The paper provides results for stationary targets, slow and
fast-moving targets, single and multiple UAVs, and with the wind. The algorithm proved useful
in deriving optimal, feasible trajectories. The authors stated that the presence of wind in the sim-
ulation invalidated the precomputed (no wind) trajectory and that the computation time of the
problem was too high for an onboard computer and online execution. Therefore, as was the case
with adding an estimator to realize the trajectory, the inclusion of wind caused the infeasibility

of the derived trajectory. Authors of [128] generated optimal trajectories for a multi-day flight of

28



a sun-powered airplane, taking into account battery charging/recharging efficiency and charge
limits. The paper is an example of indirect optimal control, where the optimality conditions were
derived from the aircraft numerical model and Pontryagin’s minimum principle. The result was
the altitude trajectory profile during a two-day flight.

Most interesting from this thesis’ point of view was the application of trajectory optimization
to vertical take-off and landing vehicles. The Urban Air Mobility concept is a promising appli-
cation of trajectory optimization in VTOLs. Limited battery capacity and operation in urbanized
areas can benefit from optimal control, and so in [75] the goal was to optimize the take-off trajec-
tory in an urban setting to avoid obstacles and perform safe take-off and landing with minimum
energy consumed. The reason for searching for minimum energy trajectories is to resolve the
problem of high power needs during vertical flight phases. Moreover, near approach/departure
cases are the most complex flight path geometries for a vertical flying aircraft within UAM.
Therefore, the authors state the high need for trajectory planning in VTOL UAM vehicles, to
offer a better alternative from the point of view of this type of aircraft to standard landing meth-
ods for conventional aircraft. The novelty of the approach presented in the paper is the issue
of automation of generating safe take-off and landing trajectories in a highly constrained en-
vironment to comply with the EASA SC-VTOL specifications and regulations, with the least
amount of energy consumed. The authors present a number of issues that need to be solved
in order to offer it. Firstly, all the requirements regarding operation in and around an airport,
such as obstacles, admissible operating limits, visibility constraints, dynamic constrain and other
safety-critical needs must be provided in the most detail. The constraints for the optimal control
problem were derived from a database of obstacle clearance and operational requirements for
VTOL aircraft near the vertiports posed by EASA and FAA regulatory documents and standards.
The model of vehicle motion is prepared and interfaced with the OCP solver from a Simulink
model. Moreover, a model of degraded aircraft operation is provided and acts as a validation
tool for the trajectories to represent a worst-case scenario. The authors of the paper note two
issues that could interfere with the automation of the trajectory generator, namely the generation
of initial guess and the unreliability of nonlinear nonconvex optimization. To create an initial
guess, the authors reach for the prepared constraints on departure or approach of the aircraft
and interpolate linearly between the known waypoint locations. This simplified approach al-
lows to estimate some of the aircraft states, such as velocity and heading and approximate time

duration of the maneuver. As for the second problem, the paper refers to proper selection of

29



discretization grids, as well as robust numeric scaling for good convergence. In this stage of the
research, the authors rely on manual methods, based on engineering experience. The last issue
for automatization is selection of proper parameterization of the resulting trajectories to ensure
good operation of the control system in tracking the reference trajectory. This issue is expected
to be solved in the future by employing infinitely smooth trajectory parameterization to allow for
arbitrary controller structures, where high-order derivatives of the states might be needed. It is
noted that all the trajectories are computed offline, and only the selection of the proper trajectory
is performed online. The reasons for this are that more time and computing power is available
offline to calculate, verify and validate the trajectories, as well as a more deterministic behavior
is expected from the flight control system, as all the possible solutions are pre-determined and
limited in number. The optimal control problem posed in the paper was multi-phase and was
solved using custom software written in MATLAB. The software used trapezoidal collocation to
transcribe the problem to NLP. [IPOPT NLP solver was then used to solve the optimization prob-
lem. The controller used to realize the trajectory was a nonlinear dynamic inversion controller.
The paper presents an example mission of a 6 degree-of-freedom VTOL aircraft model from
take-off to landing in an imaginary vertiport at Munich airport. Both the take-off and cruise,
as well as approach and landing are performed well with all the constraints, with multi-phase
state boundaries satisfied and in a smooth manner, expected for a crewed air taxi operation. In
conclusion, the paper showed an automatic generation of UAM approach and departure trajec-
tories as an optimal control problem for a highly constrained application, where the resulting
energy-optimal trajectories meet the regulatory requirements posed for operation in vertiports.
As another example of Urban Air Mobility, [104] investigated the optimization of energy
consumption and minimal time maneuvers in the transition phase of an air taxi. The authors
note that before incorporating additional constraints, the pitch angle values and high sound
pressure were excessive and undesirable from the point of view of a crewed vehicle operating
in urban conditions. After introducing these constraints, the minimum time case was primarily
impacted, changing the profile of the transition. The minimum energy case was not as affected
by the constraints. The model of the rotor propulsion system and vehicle aerodynamics was
created with the surrogate method. The transcribed OCP was solved with SNOPT optimizer.
The case of minimum energy consumption was characterized by constant altitude acceleration
followed by a constant rate of climb until a specified altitude was achieved. In the minimum

time case, the aircraft immediately begins to climb after taking off. The authors concluded that

30



the direct transcription method for an OCP is very versatile as it allows easy incorporation of
many physics-based constraints and models.

The paper in [27] also investigates the topic of air taxis and energy-optimal trajectories for a
tandem tilt-wing eVTOL aircraft designed for Urban Air Mobility. The authors used optimiza-
tion to find a take-off trajectory to minimize energy consumption. The problem is augmented
with a constraint on allowable accelerations to ensure passenger comfort. It is highlighted that
the transition phase between hover and level flight is vital for a VTOL aircraft, as many phenom-
ena not encountered in traditional fixed-wing aircraft can occur, such as flow separation or fre-
quent near-stall or stalled operation of the wings. Moreover, the authors refer to cases where the
continuous wing stall in a tilt-wing aircraft resulted in the most energy-efficient transition. The
paper includes a literature review for applications of transition optimization to VTOL aircraft.
However, none of the mentioned papers considered the quad-plane. It is indicated that in many
of the mentioned papers, the standard method for modeling the aerodynamics is with experi-
mental data, among other methods. Moreover, it is a common approach to represent the flight
dynamics as a 3-degree-of-freedom model for take-off and transition optimization purposes.
Here, the aecrodynamic model of the vehicle is prepared based on airfoil data, lifting-line theory,
and a post-stall analytical model, and the propeller model is based on momentum and blade
element theories. It is highlighted that for optimization the derived analytical curves must be
differentiable, and so the models are corrected to eliminate any discontinuities. Besides the men-
tioned models for the body and propulsion system, the paper also includes the propeller-wing
interactions, which are challenging and still under active research. In this research paper it is
assumed that the propeller-induced speed changes the chordwise component of velocity. The
propeller-propeller interaction between front and rear propellers is not included in the model,
as the aircraft is expected to operate in regions where the rear propellers do not operate inside
the front propellers’ or wing’s downwash. The model of the aircraft motion is chosen to be a
2-degree-of-freedom, with only the horizontal and vertical coordinates of the vehicle. The de-
sign variables for the trajectory optimization are the wing tilt angle (assumed equal in the front
and rear of the tandem configuration), total electrical power, and flight time. When applicable,
20-point B-spline curves are used to represent the variables. The objective function is to min-
imize the electrical energy consumed. In some cases, the authors restricted the vehicle’s angle
of attack not to exceed stall angles and the magnitude of acceleration to maintain passenger

comfort. The optimization problem is solved using the OpenMDAO framework and SNOPT
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NLP solver. The paper found that for a tilt-wing tandem-wing VTOL when no constraints on
the angle of attack are present, the energy-optimal take-off and transition phases involve wing
stalling or flying close to the stall. However, incorporating stall-avoiding constraints did not
vastly change the energy-efficient transition profile. Therefore, the authors proved that it is
possible to avoid the stall of the wings in transition for a tilt-wing vehicle. Experimenting with
various values of wing loading, wing sizes, the magnitude of the propeller-induced flow impact,
and power-to-weight ratios did not largely influence the energy needs. Therefore, the design
space was relatively flat regarding energy consumption. However, the constraint on the max-
imum acceleration and the shape of the trajectories had noticeable differences, and the energy
consumption was larger than in the case of no acceleration constraint. The take-off trajectory
optimization yielded a 5% to 9% reduction of electrical energy consumed compared to an intu-
itively hand-picked trajectory.

Li et al. [79] studied in 2020 optimization of the transition phase of a quad-rotor, tail-sitter
VTOL aircraft. The authors used the optimal control trajectory optimization method to find
a minimum cost of energy trajectory with a small altitude change for an unmanned tail-sitter.
The transition phase of this type of aircraft consists of changing the orientation of the vehicle
from vertical attitude to horizontal flight between two trimmed flight conditions. The transition
is assumed to start at a safe altitude. The dynamic constraint used in optimization has been
prepared as a 3-degree-of-freedom, simplified from a 6-degree-of-freedom rigid body model by
neglecting the lateral-longitudinal coupling in this study. The model has been prepared with
an aerodynamic model of the tail-sitter wing, neglecting the influence of propeller-induced slip-
stream and the slight deviation in the geometry of the wing in comparison to NACA-0012 airfoil
that was chosen to model the wing characteristics. The authors chose OptimTraj OCP software
with MATLAB NLP solver finincon. The problem was transcribed with Chebyshev-Lobatto or-
thogonal collocation in a time grid of 10 points within the fixed time of 2 seconds for the entire
transition maneuver. The trajectory optimization problems for both the forward and the back-
ward transition with the same objective functions have been solved by transcribing the problem
with the collocation method, using an NLP solver on the resulting finite-dimensional optimiza-
tion problem. The results showed that the aircraft was able to finish the transition in the chosen
2 seconds time without exceeding constraints and limits on the transition profile. Moreover, the
change in altitude during the maneuver was close to zero for the forward transition and reached

about 2 meters for the backward transition. The authors then performed a simulation using a PX4
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SITL simulation environment for the optimal trajectory with a PX4-provided linear transition
method in which the pitch angle of the vehicle changes in time, tracking a linear reference signal.
The derived optimal trajectory was approximated with a 9-th order polynomials to track by an
inner-loop pitch controller. The calculated thrust was transformed to throttle and provided to a
signal mixer, which split the desired value between the motors. The most significant advantage
in optimizing the trajectory was visible in the reduction of the transition time and the magnitude
of altitude change compared to the linear pitch reference trajectory for both the forward and the
backward transitions. Flight experiments confirmed the findings from the simulation. The tests
were performed in calm weather with subtle wind and repeated a number of times to reduce
the effect of disturbances. In each test performed, the optimal transition proved to be better in
decreasing the time and the altitude change during the transition. This improvement was more
pronounced in forward than in backward transition. In the conclusions, the authors note the
possibility of using an NMPC controller in the future.

The above literature review dealt mostly with direct numerical optimal control for various
applications, assumptions, and objectives. The one aspect of optimal control that is relevant to
this thesis is the linear quadratic regulator. Two papers have been selected in which an LQR
is utilized for vertical flying vehicles and proved to be useful. Starting with a 2011 paper [26],
in which the authors propose a control system for a fixed-wing UAV with VTOL and tran-
sition capabilities. The UAV is similar to a tail-sitter and needs to change its attitude between
hover and level flight. The controller is designed separately for three VTOL UAV flight regions:
hover, transition, and level flight. The three controllers are used depending on the current phase,
assuming robust controller switching between flight modes. LQR controllers with integrators
are employed in each flight phase to ensure zero steady-state tracking errors and provide sta-
bilization and reference tracking. The trajectory during transition is chosen based on intuitive
insight about the aircraft, and not optimized in this case. The paper states that it is desirable for
the transition trajectory to occur predominantly in the longitudinal plane. Therefore, the lateral
trajectory states are kept at zero. The longitudinal states, namely the pitch angle, aircraft body
frame z velocity, and aircraft body frame z velocity, are varied linearly during the transition
phase between the equilibrium values of hover and level flight. In each flight phase, only one
operating point is chosen to linearize dynamic equations and design a linear controller. The
authors note that even though the operating points for the hover and transition phases are cho-

sen equally, both modes require different LQR weighing matrices, as the transition phase spans
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a broader space of operating points. Moreover, it is stated that this approach results in looser
reference tracking during transition than in hover and level flight for this aircraft. The paper
concludes with tests of the proposed control system in a full hover-to-level flight simulation
with the disturbance in the form of sensor noise. The controlled system achieved good stability
and acceptable reference tracking during the whole simulation in each flight phase. Moreover,
the selected controller switching does not compromise the system’s robustness under sensor
noise.

The topic of [125] is optimal control in load-carrying drone applications, specifically two
quad-rotors employed to carry a payload hanging between them on mechanical links. Two
optimal control approaches are discussed and compared: the linear quadratic regulator and the
model predictive control. Equations of motion of the two drones and hanging mass systems
are obtained using Lagrange-Euler formulation and then linearized in a selected operating point
to allow for linear controller design. The control scheme is split into a high-level system to
track mass altitude reference and a low-level system to stabilize the attitude of both drones. In
the paper however, only the altitude system is described in detail, assuming that the attitude
is controlled perfectly. Moreover, the paper assumes that all the states in the output vector
are measured. The comparison between the LQR and MPC proved that the MPC had better
performance with the selected prediction horizon length, while the LQR was better in execution
times by an onboard processor. However, the LQR did not consider the system’s constraints,
and in some cases, the mass fell off of the supporting beam. Moreover, the LQR caused a
saturation in the lift of the drones for some values of the weighing matrices. The same was
observed in the simulation with ball position and drone altitude disturbances. The ball position
was characterized by a larger overshoot in LQR than in MPC, again causing the controller to
exceed constraints in LQR, which resulted in the ball falling off the support. In conclusion, both
the controllers proved to be stable, but the LQR did not prove to have good performance in the
bounded constraint space.Both controllers had low computation times, making them viable for
real-time, embedded applications.

To conclude this section, it is worth mentioning the three methods for incorporating nonlinear

optimal control into real systems, proposed by [72]. These methods are listed below.

1. The optimal control signal for a given moment in the process and for a chosen performance
measure to be minimized can be computed online and implemented on the go. The draw-

backs of this method are that a very powerful (and hence expensive, or heavy) computer is
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needed and that the delays in computing might be too large for proper functioning, especially
in systems with fast dynamics. This type of solution is most commonly used for slow pro-
cesses, for example, chemical processes. The process and optimization can be augmented
with current state measures forming a feedback optimal control system.

2. The optimal control is calculated offline and implemented beforehand. The computer that
solves for the optimal control can be used for more applications and would not be bounded
by the requirements for an onboard computer. Hence, the vehicle onboard controller would
need less computational power, making it smaller, less expensive, and less complex. The
disadvantage is that the result of the offline computations would have to be presented as a
control law and stored in the controller.

3. A suboptimal controller, more accessible to implement, designed with the precomputed
optimal solution in mind. The main drawback with this method is that the controller might

be close to optimal for some design conditions but act very poorly for others.

In most of the papers cited above, the trajectory is computed offline and followed by a
tracking control system. However, a few examples show real-time trajectory generation. Due
to the limitations of current onboard processors, this case is limited to small models and narrow
time horizons. As stated by [70], optimal control is often a computational burden for onboard
microprocessors and proposes a simple non-optimal guidance method based on the vehicle kine-
matics. A computation of a global maneuver trajectory, for example, for a full maneuver with
an arbitrary cost function, is still beyond the reach of modern computers in the small discrete
times that a control system would require. Expanding the time horizon and using a generated
trajectory provided by a solver, for instance, with a horizon of 5 seconds into the future, will
prove to be very susceptible to uncertainties and disturbances. So today, the best result brings
a robust feedback controller that can realize the precomputed trajectory. One exception is the
receding horizon MPC, but the limitation in its formulation in terms of cost functions prevents

the use of arbitrary objective functions.

1.5.3. Application to quad-planes

In the preceding sections, the majority of the concepts important to this thesis’ research topic
were shown in the context of other aerial vehicles and applications. As was mentioned, the num-
ber of studies on quad-planes is limited in comparison to research on other VTOL vehicles, as

this configuration is seen to be less popular from the academic point of view. However, the
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quad-plane, having a more simple structure, is more valuable in low-cost commercial applica-
tions. The number of companies that offer quad-plane platforms or services has significantly
grown in recent years. The offered vehicles can either be designed from scratch, or redesigned
based on already existing fixed-wing aircraft, and developed in a shorter time in regards to more
complex VTOL configurations, as they lack complicated tilting mechanisms or other structural
complexities. Therefore, the quad-plane is a advantageous from some points of view, and should
be not overlooked in academic interests, as research is still possible and beneficial, and there
are still topics that have been not studied. Therefore, in the following references, the works
regarding the quad-plane that can be found in recent literature are presented in the context of the
topics shown in the preceding sections.

A very recent 2023 paper [88] presents the experimental aerodynamic analysis of a
quad-plane. The authors note that aerodynamic data for hybrid multi-copter and fixed-wing
aircraft designs is challenging to find in the public domain. Therefore, the paper shows results
from static and wind tunnel tests of an EVTOL platform performed for quad mode, plane mode,
and hybrid (transition) modes. The authors aim to use the measured propulsion coefficients
presented as lookup tables and low-order polynomials (for real-time use) to get interpolated
values in states between different flight conditions. In total, during the wind tunnel tests, for
each test matrix consisting of quad mode, plane mode, and transition mode, up to 10000 data
points were collected. The measured data for the lift and drag forces and the pitching moment
were interpolated respectively with a linear function for lift and quadratic functions for drag
and pitching moment. The coefficients of the function were calculated based on minimizing
the RMSE. Noted from the wind tunnel results are the unconventional positive-slope pitching
moment to the angle of attack characteristic and high drag forces. The above effects are due to
flow interactions and disturbances produced by downwash from the front propellers and may
impact the stability and control design of the vehicle. Moreover, the unfavorable drag is highest
in transition compared to the two other flight modes. The pitching moment’s value increases
as forward flight speed rises. For the tested vehicle, a solution to this problem in forward
transition (hover to level flight) was offered by using the elevator deflection to counter the
moment. However, the positive pitching moment can be leveraged in the backward transition
to aid the deceleration. An additional undesirable effect was observed as a variance in the

angle of attack along the wingspan in areas impacted by the propeller downwash in forward
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movement during the transition. The authors propose to investigate this effect in more detail
using CFD in the future.

The topic of the performance of a quad-plane and hover wind disturbance rejection has been
undertaken in [80]. This paper from 2021 focuses on the dynamic modeling of the electric
propulsion system, which is the sole control executive system during hovering when the aircraft
is especially prone to the impact of wind. The model comprises submodels of all elements
comprising the vertical flight actuators, namely the BLDC motor, the ESC, the Li-ion battery,
and the rotor. The rotor forces and moments are derived through a surrogate approach based
on CFD results for various operating points, including wind disturbance. The electronic com-
ponents models are derived to ensure accurate electric current usage by the motor and battery
discharging speed during simulation. The models are validated with experiments and show good
accuracy. The full dynamic system consisting of models for electric components, the rotor, and
the quad-plane dynamics is simulated with Von Karman wind disturbance and 1-cos gust dis-
turbance. The model is augmented with X, Y, and Z position PID controllers. The results show
that the quad-plane can reject crosswind gusts up to 5.82 m/s, wind up to 5 m/s, and sustain
hover for about 21 minutes for the selected 6S, 10Ah battery. The paper also notes that the
electric quad-rotor system is the limiting factor in wind disturbance rejection. The authors pro-
pose a method to select the parameters of the components of the electric system to improve the
dynamic and steady-state performance of the quad-plane in hover and increase the magnitude
of wind speed that the system can reject.

Y. Govdeli et al. [51] investigated a nonlinear unsteady aerodynamic model for two
VTOL UAV configurations: the pusher tandem quad-plane and the tandem quad tilt-rotor.
The motor-propeller pairs are placed at the tips of the wings and, therefore, do not cause a
large slipstream in contact with the wings. Compared to the tilt-wing and the tail-sitter, the
quad-plane and some tilt-rotor configurations have a more minor wing-propeller interference.
In the analysis presented in the paper, the vehicles lack any aerodynamic control surfaces. The
controllability for altitude, attitude, and forward speed are assessed with only the propulsion
systems as control devices. The authors state that accurate modeling of aerodynamic forces
is necessary for vertical flying aircraft, especially during the transition phase. Moreover, the
paper includes the unsteady aerodynamic effects relating to rapidly changing attitudes and
conditions, which are often overlooked in the literature. The unsteady lumped vortex model

is used for this goal, as it is a more straightforward and less computationally challenging
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method than CFD. The research, therefore, provides a new and unique approach to modeling
aerodynamics during the transition of the tandem quad-plane and the tandem tilt-rotor. The
derivation of the model starts with the longitudinal 3-degree-of-freedom model of the aircraft
motion and a detailed description of the propulsive and aerodynamic forces. The unsteady
aerodynamic model assumes that the wing is approximated as a two-dimensional flat plate
with a zero pitching moment about the mean aerodynamic center. Moreover, no interference
between the front and rear wings is modeled. At the trailing edge of the wing, an unsteady
vortex wake forms as the lift changes during the transition. The unsteady aerodynamic forces
during transition, i.e., lift and drag, are calculated from the bound vortex and vortex wake
strength. After deriving the relations, the model is included in the vehicle motion model.
During the simulations, the systems are controlled with PID controllers in horizontal speed,
pitch angle, and altitude channels. In the case of the tandem quad-plane, in both the forward
and backward transition, the speed is controlled with a combination of the pusher rotor thrust
and the differential thrust of the vertical rotors. However, in the tandem tilt-rotor configuration,
the forward transition is guided to maintain a level flight in the pitch angle and increase the
horizontal velocity. In the backward transition, the goal is to keep the aircraft level and at a
constant altitude; therefore, the velocity is not controlled. The tilt of the rotors is according to a
selected tilting function dependent on time. Simulations of the forward and backward transition
for the two vehicles proved the success of the control strategy. The results for the tilt-rotor in
the forward transition are characterized by overshoots in a few states and significant altitude
variations. The reason is the inclusion of the tilting mechanism motion and the fact that the
altitude was not controlled. In the backward transition, the tandem quad-plane completed the
transition faster than the tilt-rotor. The quad-plane configuration was better with the selected
control system in both cases. The authors plan to add the wing-wing interference effects and
perform a 6-degree-of-freedom simulation with a fuzzy nonlinear controller.

In 2022, S. R. Munasinghe and A. A. J. K. Gunarathna [96] proposed a method to reduce
energy consumption of the quad-plane by comparing a generic vertical take-off scenario with
a bird-inspired take-off method. The generic way is to reach a safe altitude by using vertical
propulsion and proceed to transition to gain forward speed. On the other hand, the bird-like
scenario uses both quad and plane mode from the start of the take-oft and through the transition,
gaining altitude and forward flight speed simultaneously with a flight path angle of 30°. The

authors proposed that this scenario can cause a reduction in the vehicle’s energy consumption.

38



Flight tests were used, and the vehicle followed a predefined, unoptimized trajectory. The results
were then compared for vertical take-off (VTO) and bird take-off (BTO). By measuring the
electric current used during both transitions and the transition distance and time, the authors
concluded that the BTO is a more energy-efficient take-off method in terms of the transition
distance. The BTO allowed to gain about 11% of distance, keeping the same energy usage,
even though the absolute energy value during the maneuver was higher. Moreover, by using
the BTO, the time of transition was shortened, and the drop in altitude decreased, which are
both desirable traits for the take-off and transition phases. The paper therefore proved that
considering unconventional take-off and transition trajectories is beneficial for quad-planes in
terms of energy consumption, even with no regards to trajectory optimization.

This 2019 paper [155] discusses the requirements and solutions for the transitions between
hover and forward flight of a long endurance fixed-wing UAV converted to a VTOL aircraft. The
authors utilized a very significant advantage of the quad-plane VTOL configuration. The quad
layout allows for a quick conversion of a long endurance, piston-powered fixed-wing UAV to a
vehicle with vertical flying capabilities while, for the most part, keeping the extended range of
the aircraft. The reason is that the vertical propellers in quad configuration have little influence
on vehicle aerodynamics, in comparison to, for example, a tri-rotor configuration, as the authors
note. The example vehicle used in the analysis in the paper is an already designed and tested
fixed-wing UAV, which added the supporting beams and vertical propulsion to permit hovering
and vertical flight capabilities. The paper discusses the possible transition scenarios between
hover and forward flight based on the example aircraft. The first scenario consists of accelerating
the vehicle using only the vertical rotors up until the stall speed, after which the main pusher
engine would throttle up and move into the forward flight mode. This scenario is the same as
in quadcopters, where the forward movement is achieved by pitching the drone down. In the
second transition scenario, the vertical rotors are used only to maintain the altitude and attitude of
the quad-plane, and the main pusher rotor is used to accelerate. The paper does not mention the
attitude profile during this phase. Finally, the last scenario consists of an unpropelled transition,
in which the vertical motors are disengaged, and the aircraft dives and glides until a stall speed
is reached. The paper concludes with a short discussion of considerations for an automatic flight
control system for the transition phase.

The authors of [31] researched trajectory optimization for uncrewed quad-plane VTOL.

As stated in the paper, engine failure is the most common reason for emergency landing in
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UAVs. However, in the case of quad-plane VTOLSs, the aircraft has a certain redundancy and
can still perform a safe landing, even after the shutdown of the primary, horizontal engine.
The authors prepared a dynamic model of the VTOL motion with an aerodynamic model of
the vehicle body and propulsion system thrust. A three-phase engine-fail landing scenario is
proposed. First, the Dubins shortest cross-range for the lateral and fastest descent trajectories
are used to place the aircraft in the landing window quickly. In the second phase, the aircraft
descends from an altitude of 50 meters on a spiral trajectory with a changing radius. In this
phase, the authors consider issues relating to the spiral radius and note the different solutions
for various yaw angles when entering the spiral, initial altitudes, and the presence of ground
obstacles, e.g., mountains that restrict the trajectory. In the third phase, the aircraft lands using
the vertical propulsion system along a trajectory selected with an optimal control approach.
The goal of this phase is to minimize energy consumption, as the vertical propulsion has high
power needs, and the vehicle has limited energy storage capacity. Three landing phase scenarios
are considered: unpowered landing, wind-resistant landing, and distance-optimal landing. The
paper also considers sufficient energy in batteries when the aircraft can land conventionally
using the vertical rotors. This case takes the most energy usage, of about 60% of the total
energy capacity reserved for the VTOL propulsion. The unpowered landing is when the vertical
propulsion also encounters a fault or the energy storage is completely depleted, in which the
aircraft lands following the spiral trajectory. In this scenario, damage to the airframe is probable
because of the high forward speed and sink rate. The other landing scenarios required solving
an optimization problem. The problem is transcribed with the Gaussian pseudospectral method
and solved with GPOPS 5.0 OCP software. The distance-optimal landing scenario allowed to
land with only 18% of the energy allotted to the VTOL propulsion mode. In this case, the
very smooth landing profile is controlled with a flare in pitch angle of the vehicle to reduce
forward speed and sink rate at the end rapidly. Moreover, the maximum-distance scenario is also
investigated to establish the maximum possible distance from the safe landing site the aircraft
can cover on vertical propulsion power. For the selected vehicle, the maximum distance was
about 2.2 kilometers from the position of the spiral trajectory end. Therefore, a proper selection
of the initial spiral position the aircraft must glide to is crucial in ensuring a safe landing. In a
wind-resistant landing, the authors propose maintaining a control ability in the lateral plane to

ensure the aircraft can land against the wind for various wind inflow directions. In conclusion,
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all the tested landing scenarios give an understanding of energy-efficient landing trajectories
under primary engine failure and are vital for the safe operations of quad-planes.

Nguyen et al., in arecent 2022 paper [99], studied the possibility of using an energy-effective
altitude control law for a quad-plane. The authors note a disadvantage of this type of aircraft: it
must carry a ’payload” that is useless throughout a large portion of the vehicle time. The vertical
flight system is only used for about 5 minutes in a 3-hour flight. The paper postulates that the
hover and forward flight phases are well established in the literature regarding aerodynamics
and control system design for quad rotors and fixed-wing aircraft. Therefore, the transition
phase, being the most complex flight mode, can be improved by designing an energy-efficient
control system to keep the altitude steady during the maneuver and maintain the safety of the
drone. Very often, in the case of quad-planes, all the autopilot channels, i.e., the altitude and
the attitude channels, are controlled by a PID controller. Therefore, this control approach is
used to compare the performance with the control system proposed by the authors. The new
altitude control law of the quad-plane is a robust sliding mode controller that was chosen to
decrease the aerodynamic effects in the altitude channel and reduce disturbances, measurement
noise, and errors of estimated state. A standard PID controller was used in the remaining control
channels - the pitch, roll, and yaw. The aerodynamic model of the vehicle is developed based on
CFD-computed lookup tables parameterized with the angle of attack. The vertical aerodynamic
force is added to the SMC controller to reduce the aerodynamic effects. The proposed method
uses a saturation function to maintain the altitude change and vertical speed on a sliding surface.
The controller parameters were further tuned after simulation and actual flight tests according
to a proposed tuning procedure to obtain good robustness and safety and decrease energy con-
sumption. Flight tests were conducted to confirm the use of the presented methodology: one
with a PID controller in every channel and the second with an SMC in the vertical channel and
PID in the remaining channels. The flight profile was selected to contain both a forward and a
backward transition. The measurements from the two flights were then compared. The sliding
mode controller achieved up to 33% shorter time and up to 89% reduction in altitude tracking
error. Moreover, the throttle required by the PID was larger by 60% than that by the SMC,
and the energy during the transition was 1.5 times larger for a standard PID. The same group
of researchers published the SMC simulation results in the X-Plane 11 simulation environment
[141], where they tested only the errors in tracking an altitude command. The results again

proved the superiority of the proposed sliding mode controller over a standard PID controller
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and allowed a decrease in altitude error from 2.5 times in the backward transition to 6 times in
the forward transition.

In [82], another approach to using the sliding mode algorithm is presented. The authors
used the algorithm to design an adaptive super-twisting sliding mode observer to provide the
attitude and airspeed controllers with a state estimate in which the influence of disturbance and
uncertainty is reduced. The observer system can estimate the external disturbance correctly, and
thus, the error of the estimated variable converges to zero quickly. The controller was tested
in simulation, where a full flight from hover to forward flight was simulated. The proposed
controller and observer implemented on a quad-plane aircraft allowed the vehicle to complete
the simulation and flight tests and maintain stability and good attitude tracking. Moreover, it
provided an accurate estimate of the airspeed and attitude disturbances; therefore, the control
strategy had good robustness. Worth noting here is the transition strategy chosen by the authors.
In it, the aircraft accelerates with a constant pitch attitude of about -4°, accelerating solely with
the flight mode propeller until the stall speed of the vehicle wing is reached. In the transition,
only the vertical flight propulsion is used to maintain the desired attitude.

From the literature review presented it can be seen that the topic of transition trajectory
optimization and optimal control is not as well studied for quad-planes, despite being in active

development for other types of VTOL aircraft and applications.

1.6. Available COTS control systems for VTOL UAVs

A suitable ready-to-use autopilot system for an autonomous drone must contain more ele-
ments and functionalities than the sole control law. Moreover, it must include hardware, i.e.,
a microprocessor to synthesize all the information and provide controls for the actuators, and
various sensors to collect the data on the position and orientation of the vehicle. They include
3-axes gyroscopes and 3-axes accelerometers, often collected in the IMU (inertial measurement
unit) to sense the vehicle acceleration and rotation rates, magnetometers for course information,
position and velocity sensors (GPS, optic flow sensors), as well as aerodynamic data sensors,
such as pressure probes to sense airspeed, stall or barometric altitude. Moreover, the function
of the above can be enhanced or replaced by the use of vision-based solutions.

From the software side, estimators are needed to process the information from the sensors
into a form usable for feedback control, to ensure reasonable accuracy of the sensor data, and to

fuse all the data from various sensors (even the ones that sense the same parameter, if present)
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with more emphasis on the more accurate or less noisy outputs. A prevalent approach in UAV
state estimation and filtering is the Kalman Filter or its modifications, such as the Extended
Kalman Filter (EKF) [156] or the Unscented Kalman Filter (UKF) [83]. Moreover, the autopilot
must employ fault detection and reduction scenarios for safety and algorithms for path and
trajectory generation for guidance and navigation. To aid the operator, depending on the level of
autonomy of the system, a ground control station must also be available to monitor and control
the operation, as well as communicate with the vehicle. Finally, an autopilot must implement a
controller to realize the mission goals in all flight phases [70].

A prevalent control law used for multi-copter drones or hybrid vehicles is the PID controller
[16] for a simplified model, with no lateral longitudinal cross-coupling by eliminating the gyro-
scopic effects [17]. This approach is often employed with the so-called motor or actuator-mixer.
A motor mixer is a device that allows the translation of the desired inputs (in the form of desired
roll, pitch, yaw rates, and climbing rate) to the available control devices, i.e., motor-propeller
pairs. In this way, the SISO control design methods can be used on the drone’s angular and
climbing rates. In addition to SISO methods, MIMO methods, such as the LQ [17], MPC [122],
H. [32], or dynamic inversion [ 14] approaches are used for various VTOL configurations, often
in noncommercial, experimental or academic applications. Nonlinear methods have also been
used for VTOL UAVs, such as the sliding mode control [6], [33], [53], backstepping [150], and
Lyapunov theory [120].

Today’s market for control systems for drones is relatively rich in solutions. Two of the
most commonly used autopilots in hobby and professional solutions are the Ardupilot [113]
and the PX4 [112]. Both solutions provide similar functionalities, are complete flight control
systems, and are easily configurable in the controller and estimator gains and their architecture.
They implement a PID control law, an Extended Kalman Filter for state estimation and filtering,
and gain autotuning capabilities. Many platform configurations are built-in, from fixed wings
to copters, through hybrid, nontraditional geometries. Any configuration not included can be
easily added through an easy-to-use interface. The autopilots can be implemented in several
autopilot hardware solutions that often include most of the sensors needed for successful flight
and an option to add external sensors. Other custom solutions are also available, some based on
a modified Ardupilot or PX4 architecture or new, improved systems based on different control
laws and solutions than the ones employed in the mentioned autopilots. The mentioned autopilot

solutions are prevalent and are one of the reasons the UAVs have achieved such growth in
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popularity in recent years, as they certainly reduce the time and effort needed to set up a flying

vehicle for a successful mission.

1.7. Thesis synopsis

The following thesis’ goal is to optimize the control and trajectory of an electric VTOL
aircraft (a mix of fixed-wing and copter configurations) in the transition phase. The transition
is a maneuver during which the aircraft accelerates and moves from hovering in copter mode on
vertical propellers to forward flight, in which the wings provide lift, and the motion is propelled
by the pusher propeller. It is postulated, that generous savings can be achieved in optimizing the
profile of this phase in comparison to a commonly used alternative of accelerating with a level
attitude. These savings can then help extend the endurance and mission time of the aircraft,
which are severely limited by the capabilities and high weight of modern batteries that power
the electric propulsion system. To present the steps taken to achieve the stated goal, this thesis
is split into the following parts.

Chapter 1 of the following thesis is the introduction, which contains the description of the
test object of the research - the autonomous unmanned systems, with special regard to verti-
cal take off and landing aircraft. The system architecture is briefly described with a focus on
mission planning. The distinction between path planning and trajectory planning is noted, and
possible solutions to trajectory planning problems are described. The remaining sections focus
on trajectory generation through optimal control, and methods to achieve this goal are presented
in the section on OC software. The current state of the art in trajectory optimisation is illustrated
by examples from many areas of aerospace, including the UAV VTOL domain.

Chapter 2 is the theoretical introduction to the topics involved in formulating and solving
an optimal control problem, as well as dynamic systems and feedback control. Finally, the last
section of this chapter deals with propeller theory, which is crucial for modelling and simulating
the forces acting on a propeller powered VTOL, which accounts for most of today’s solutions.

Chapter 3 presents a derivation of 6 degree of freedom equations of motion with the least
number of constraining assumptions. The equations are then transformed with the assumptions
made in this thesis for a specific application of the selected quad-plane aircraft, and a thorough
derivation of the force and moment equations of all components of the aircraft is given.

Chapter 4 is an extension of the equations presented in Chapter 3 for the selected example

aircraft. The propulsion, actuator and aerodynamic models are presented based on wind tunnel
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tests, literature studies and CFD calculations respectively. Model assumptions and limitations
are shown and uncertainties and doubts about the validity of parts of the derived equations
are highlighted and discussed. An algorithm for calculating aircraft trim is presented and the
resulting equilibrium plots for both vertical and horizontal motion are shown.

Chapter 5 is devoted to optimal trajectory problem solving. The problem statement is pre-
sented along with the requirements, assumptions and limitations, after which the results of the
calculations are shown. The optimal trajectory is calculated for two cases. Both cases are 3
degree-of-freedom models of VTOL aircraft motion The first case consists solely of states relat-
ing to vehicle motion, and in the second case the state vector is expanded with motor dynamics
represented as a first order dynamical system. After presenting the results of the calculations,
a comparison of the optimization results with different objective functions is presented. These
objectives include the most interesting cases - energy-efficient solutions, as well as a reference
case, and additional cases with different objectives, chosen to expand the comparison and the
discussion. The chapter concludes with a summary and analysis of the results obtained.

In chapter 6, an optimal control system is presented. The controller is used to allow the
aircraft to follow the idealized trajectory and was designed as a linear quadratic regulator. The
dynamic equations derived in Chapter 4 were linearized in the time points selected for trajec-
tory calculations from Chapter 5. The properties of the uncontrolled and controlled system are
shown, as well as the controller structure and gains. Finally, the Chapter contains results from
tracking the trajectory of the six degree-of-freedom model. The longitudinal trajectory is taken
from the optimal control problem results, and the lateral states are regulated to zero by the con-
troller. The calculated optimal trajectory is proven to be feasible and able to be followed by the
control system, with low errors in the longitudinal states and acceptable errors in lateral states.

Chapter 7 concludes the thesis and offers a summary of the works conducted. The summary
describes the thesis goal, the steps taken to achieve it with the chosen methodology, and the
results regarding the stated goal. Moreover, the chapter summarizes the methodology used
in the work, lists contributions of the research to the field and possible future directions for
this topic. At the end of the thesis are the list of figures, tables, and acronyms, as well as an
appendix, in which are presented the results of the trajectory optimization for different than the

energy-minimal objective functions.
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2. Theoretical introduction

The following section describes the main theoretical concepts that have been essential in
achieving the objective of this thesis as stated in the previous section. The path to the objective
begins by presenting the modeling and solving dynamical systems. In order to obtain an optimal
control to reduce the energy consumption in the transition of the quadplane, the system under
consideration must be modelled in as much detail as possible. The modeling of dynamical sys-
tems is achieved by means of differential equations. Therefore, in the theoretical introduction,
the description of differential equations (with emphasis on ordinary differential equations) is
considered. This is followed by a description of the numerical methods used to solve the dy-
namic equations. These methods play a crucial role not only in obtaining the time histories of
the dynamic process, but are also used in formulating (or in other words - transcribing) the con-
tinuous optimal control problem into a discrete problem for the optimal control solver. Another
important part of solving an optimal control problem (OCP) is multivariate optimization theory.
Therefore, it is the next step on the way to solving the objective stated in this thesis. Optimal
control theory is then described and two general approaches to solving an OCP are presented
- the first is based on the calculus of variation and the derivation of optimality conditions for
the selected system and requirements (the indirect method). The second method - the direct
method, is based on numerical methods, i.e. transcription and numerical optimization. Finally,
the control theory is outlined, which serves as a way to combine the theoretical optimal control
concepts with the implementation of the control policy in the real flying object. The last part of
the theoretical introduction deals with the characteristics of the chosen flying vehicle, or more
specifically, the propulsion of the vehicle and its propeller. In the transition phase of the flight,
the propulsion system is an executive system to realise the derived optimal control policy. Most
of the description below is kept generic and general, and any examples will be preferred to be
based on a quad-plane, and sometimes on a quadcopter, as this configuration has many common

properties to the quad-plane.

2.1. Numerical methods for ODE

As was stated, the introduction starts with a brief description of differential equations, specif-
ically ordinary differential equations that will be used to describe the motion of the flying ve-
hicle. An ODE (Ordinary Differential Equation) is an equation that contains functions of an

independent variable (e.g. time) and derivatives of those functions. ODEs are used to describe
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the time development of physical processes. An explicit nonlinear ODE of n-th order with a set

of boundary conditions can be written as

dz(t) _ F (t,:zc(t), do(t) d*x(t) d”_lx(t))

de 7 de2 777 din!

—(to) = 22 (2.1.1)

A differential equation is solvable if function f satisfies the Lipschitz condition

|f(ty1) — f(t )| < Klyp — vl for all (¢,41), (t,y2) inasetD € R? (2.1.2)

Fora K > 0. If the function is Lipschitz continuous as stated by the equation above, then

exists a unique function Y () in an interval of [ty — «, ty + «], where a > 0, and so the function

Y (t) satisfies

%ﬁ’f) —f(LY (1) forallt € [to — a,to +a
Y(to) =Y

If %Z’y) is a continuous function over the set D, and the set D is convex, then

K = max |2/
(ty) ' Oy

The above 1s valid if K is finite in a chosen set D [5]. To analyze the stability of the solution,
which is especially important in numerical methods, the initial value Yj is incremented by a small
value Y. = Y + . If in a given interval the difference between two solutions is small i.e. not

larger than some ¢ > 0 as in

max ‘YE — YO‘ <c
to<t<b

When ¢ < ¢, then the problem is said to be well-conditioned. In contrast, when ¢ is much

larger then ¢, then it is ill-conditioned, and the numerical solution will contain large errors.
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Similarly, the difference between the solutions in a given numerical method can be written as

[3]

max |Y (t,) — yn(ta)| < ch?
to<t<b

Where Y (¢,,) is the differential equation solution, yp,(t,,) is the numerical result, and p is the
order of convergence of a method.

In the context of the topic presented in this topic, interesting are two types of differential
equation problems, namely the initial value problem, and the boundary value problem. A first

order initial value problem (IVP) can be written as

d
= =f@b,  alto) =z (2.13)

Likewise, a first order two-point boundary value problem (BVP) can be specified on an

interval (¢, tf) where the values at the ends of the interval define the boundary conditions

Z—? = f(z,1), x(to) = x0, x(ty) =xy (2.1.4)

Initial value problems are often encountered in dynamical systems modeling and simulation,
as a solution to the problem describes the evolution of a process in time with its states starting
from an initial condition. A two-point boundary value on the other hand, among other fields,
appears in optimal control where the sought solution is the evolution of a process that must start
and end in the posed boundary conditions. A two-point boundary problem derived for a specific
case can be solved to acquire time- and control histories of the controlled process. The most
important methods, from the point of view of optimal control theory, for solving of initial value
problems and boundary value problems are briefly described in the next section.

For solving initial value problems, two main families of methods are available. First one is
the Runge-Kutta methods, which use information on the slope of the function in one or more
points inside the interval, and the linear multistep methods. Linear multistep methods are similar
to Runge-Kutta methods, the difference being that in the latter, information from the previous
timesteps (except those used in the current step, depending on the order of the method) are lost.
The former method uses that information to improve next stages.

As for the boundary value problems, they can be solved using finite difference methods,
shooting methods, and collocation. Finite difference methods are rarely used in optimal control

problems, so they are omitted in the description of the methods. Among shooting methods can
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be distinguished single or multiple shooting methods. As for collocation, there are polynomial
collocation, and orthogonal collocation. All the methods mentioned above are briefly described
in next sections.

The accuracy of all the methods can be characterized by their stability, truncation error,
propagation error. Moreover, in the case of any numerical method, the problem of the precision
of the computer gives rise to rounding errors. The chosen numerical method is characterized
by its order and the chosen scheme, either explicit or implicit. In case of an explicit method,
the value of the next iterate is given explicitly, while in an implicit method, the iterate has to be
found with a use of a iterative root finding algorithm, such as for example the Newton’s method.
In practice, an approach called the predictor-corrector is used, where the predictor is an explicit
method, used to find a solution, and then the solution is used as a guess for an iterative procedure
involved in the corrector - an implicit method [52].

Furthermore, any method can be categorized by its stability i.e. methods in which the sta-
bility does not depend on the stepsize h are called absolutely stable, while other methods can
have a region of absolute stability, for certain values of the stepsizes. The above can change
in a method, depending on the character of a differential equation to be solved. Even when the
stepsize h is small enough to warrant a small truncation error, it might not provide stability,
and a further decrease of the stepsize might be necessary. The problems with the stability of a
differential equations are especially visible in stiff differential equations. An ODE is stiff if its
eigenvalues differ highly in magnitude i.e. if a difference between the slowest eigenvalue and

the fastest eigenvalue in a problem is large [5].

2.1.1. Runge-Kutta methods

Runge-Kutta family of methods is very commonly used and contains a large number of
methods, both explicit and implicit. In an explicit method, the value of the dependent variable
in the next timestep can be calculated based on the information about solution from the previous
steps and no iterative procedure is required. In an implicit method, an iterative root-finding
algorithm (for example a Newton-Raphson) is needed to acquire a solution. In general, all

explicit Runge-Kutta methods can be described in a similar manner, with

=1

where x,, = x(t,) is the value at the current timestep, @,,., = ®(t,.1) at the next timestep,
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h being the calculation step, s is is order of the chosen method, b; are coefficients dependent on

the chosen method, and coefficients k; can be calculated as

i1
ki=f (tn + cih, Ty + hz aijkj) (2.1.6)

j=1

In other words, term ) ;_, b;k; can be thought of as an “average slope” of the solution in
an interval of [t,,,%,,+1]. The components of coefficient matrix a;; and coefficients ¢; are also
method-dependent.

In implicit R-K methods, the k; coefficients can be calculated according to

ki=f (tn + ¢ih, @y + hz aijkj) (2.1.7)

j=1
The simplest method in the class of Runge-Kutta numerical methods is the first order Euler

method. A differential equation is solved iteratively, progressing in time according to equation

Tpt1 = Tp + hf(tna xn) (218)

The above is the forward Euler method, and it is an explicit scheme. For better stability of

the solution, implicit method (backward Euler) can be used according to

Tpg1 = Tn + f (tng1, Tns1) (2.1.9)

To improve stability and error of the solution, higher order methods can be used, for example
a trapezoidal method (s = 2) or the most popular RK4 method (s = 4). Coefficients a;;, b;, and

c; are usually presented in the form of a Butcher tableau of the form

C1 | Qi1 A2 ... Qg

Co | Q21 Q22 ... QAgg
(2.1.10)

Cs | Qg1 Qg2 ... (Qgg

by by bs

2.1.2. Shooting methods

A single shooting method transforms a boundary value problem into the initial value prob-
lem. The initial value problem is solved through use of any analytical or numerical method,

and the error at the end of the interval must be driven to zero iteratively, for example using the
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Newton’s method. The shooting method is susceptible to to small changes in the initial condition
propagating to the interval and causing a large change in the value at the end of the interval. The
error constrain therefore becomes nonlinear and causes problems to the iterative method, which
in many cases uses information on the function derivative (Jacobian) [12].

An improvement of the above idea is the multiple shooting method. The algorithm splits the
full interval into smaller intervals, and performs calculations using the single shooting approach
in each of the intervals. Additional error constraints (defects) arise through this, as the constrains
at ends of the interval must match. Figure 2.1 shows the idea of multiple shooting. ¢; are the
boundary conditions that the solution must pass through, u; are piecewise-constant inputs to the

system, and x; are the value of the states of the system at the edges of the intervals.
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Figure 2.1. Idea behind multiple shooting method [157]

In the multiple shooting method, depending on the number of interval splits, the number of
defect constrains (NLP variables) can become large. Fortunately, the NLP problem then has a

sparse Jacobian matrix structure, and many solvers utilize this sparsity.

2.1.3. Collocation

Collocation is another method for solving initial and boundary value problems. Collocation
is another application of the Runge-Kutta methods in that the approximating polynomials and
the position of the collocation points are derived from a selected Runge-Kutta method. Figure
2.2 shows the concept of collocation, in this case the Hermite-Simpson collocation. A differ-
ent approach, the pseudospectral (orthogonal) collocation uses an orthogonal polynomials (for
example a Lagrange polynomial) as approximating functions, and the collocation points are

roots of the orthogonal polynomial. [44]. Pseudospectral collocation can be classified into the
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h-method, where the interval is split and state is collocated in segments, the p-method, also
called the global method, a single segment is used and degree of the polynomial is increased

[30].

Node Segment center Node

Figure 2.2. Hermite-Simpson third-order collocation. A is the defect to be minimized between
right-hand-side of the differential equation f function, and left-hand-side 2. derivative approximation

[55].

The general idea of collocation is to assume that the solution Y'(¢) can be approximated with

a linear combination of n functions as in

n

Y(t)=> cti(t)

i=1
The functions v; () must satisfy the initial or boundary conditions. Coefficients ¢; are chosen

so that the differential equation is satisfied in n collocation points 7;, where ¢« = 1,...,n. For

example, in a second-order boundary value problem like

d*Y (t) dY (t)
= t,Y(t), —= t<b
e f(, (t), — a<t<
Y(to) = Yo
Y(t;)) =Y
At the collocation points true is
d*Y (n; dY (n;
% = f (UZ,Y(T]Z), #) ,Wherea <m<...<n< b

Substituting Y (¢) by an approximate function ¢(¢), a set of n nonlinear algebraic equations is

found which has to be solved numerically for function coefficients c;. Approximating function,
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the positions of collocation points, as well as a numerical method for solving nonlinear equation
systems can be chosen arbitrarily.
In collocation that uses K-degree piecewise polynomials in each interval, in (¢;,¢;, 1) inter-

val, the formula can be written as

K
Y(t)=> ai(t —t;)" (2.1.11)
k=0

The value of the function must match at interval borders, and the derivative £ must match
at collocation points. In some types of collocation methods the ends of the interval are also
collocation points (Lobatto collocation), in some only one endpoint is (Radau collocation), and
in some - none of them are (Gauss collocation).

The most popular polynomial collocation schemes used in optimal control are the second or-
der trapezoidal (quadratic polynomial), and a third order Hermite-Simpson (cubic polynomial).
Below, a short description of athe Hermite-Simpson collocation is shown.

Starting with a first-order, boundary value problem of the form

dx(t)

dt = f(t,ZL’)
f(to) = w0
fty) =y

The domain (%o, ¢ ) is split into a number of intervals. The state in each interval is approxi-

mated with a third order polynomial

2(t) = c3t® + ot + it + ¢ (2.1.12)
(2.1.13)
Differentiating the above equation, and with x; the value of solution at the beginning of the

interval, and -, at the end of the interval, the coefficients of the equation at interval ¢t € [0, 1]

can be found as

Co 1 0 0 0 T
c1 0o 1 0 0 T
- (2.1.14)
Cy -3 =2 3 —1 i)
C3 2 1 —2 1 152




Coefficients of the polynomials are calculated with the choice of two interval boundary
points x; and z;1, and the value of the derivative at the interval boundary points &; = f(t;, z;)
and ;11 = f(t;11,2:11). Moreover, for a Hermite-Simpson scheme, the collocation points lie
in the middle of each interval. The value of the derivative at this midpoint must match the value
from the original problem. The value of state and derivative of the state at the Hermite-Simpson

collocation point can be calculated as

Tei =5 (i + Tiy1) + g(f(miati) — f(wig1,tig1)) (2.1.15)
d ci 3 1
xdt(t) == o @i — @) = 7 (fl@a te) + f(@isn, tin)) (2.1.16)

with h being the length of the interval. In any collocation method, the value at colloca-
tion points must match the value of the function calculated in those points f(x.;, t.;), therefore

defining the defect as

dt —f(xczatcz)“_zh

A= f(xe,te)— (2 — i) — i(f(ifu ti) + f(@ig1, tiv1)) (2.1.17)

To drive the defect to zero (or as close to zero as possible in numerical approaches), the values
of the approximation at the ends of the intervals z; and x;; are varied. The number of grid size
and collocation points, as well as the order of the approximating function can be specified or
tuned by the solver. Beside Hermite-Simpson, the state and control can be discretized by a
number of other methods, such as piecewise constant, piecewise linear, piecewise quadratic,
as well as using orthogonal polynomials i.e. the Legendre or Chebyshev polynomials, as in
pseudospectral collocation. Pseudospectral collocation methods can be divided into three types.
In h-type collocation, the order of the polynomials is constant, and a number of discretization
periods is increased until desired accuracy is achieved. In p-type collocation, a single polynomial
of high order is used to approximate the function over a whole maneuver time. Desired accuracy
is achieved by increasing the polynomial order. And finally, in hp-type collocation both schemes

are used to achieve the result.

2.1.4. Linear systems

A dynamical system is a system composed of n first-order differential equations, which
describes the behavior of evolutionary processes [76]. A higher-order differential equation

can also be reduced to a system of first-order equations. Especially interesting in the study
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of dynamical system from the point of view of control system design is the time-evolution of
state variables subject to arbitrary inputs, and the ability to shape the response based on the

chosen input sequence. In general, the dynamical systems can be represented as

&(t) = a(z(t), ult),t) (2.1.18)

y(t) = c(x(t), u(t),t) (2.1.19)

where x(t) is the state vector of size n x 1, which is also the order of the system, w(¢) - an
m x 1 control vector, y(¢) - an k x 1 output vector, and ¢ - the independent variable. Functions
a and c are arbitrary, nonlinear sets of functions. The theory of dynamical systems is very well
developed and wide, so only the concepts relevant to this thesis will be mentioned. Processes
from every field can be analyzed with the theory of dynamics, however, from the point of view
of aerospace, the most important are the analyzes of stability, trajectories, equilibrium points,
response to requested inputs and atmospheric disturbances, and automatic control. One method
to acquire the above information is by deriving an approximate, linear model in any equilibrium
point, as it allows to easily obtain the system stability, time and frequency responses. Moreover,
the linear model, and the transfer function are the basis of feedback control system design [29].
To obtain a linear model from any nonlinear model, for a single function of a single variable,

the function can be linearized by use of a Taylor series expansion of the form

d? f(x0)
dt?

Fo) ~ flao) + TNy 4

yr (x — 20)* + ... (2.1.20)

A linear time invariant system (LTI) is a representation of system dynamics with linear
functions. This type of system is especially useful in classical feedback control design, as
this form is suitable for frequency-domain analyses, as well as linear state-space control design
methods. The linear dynamical system can be acquired by linearizing nonlinear systems. In

matrix form, it can be written as

&(t) = Az(t) + Bu(t) 2.1.21)
y(t) = Cz(t) + Du(t)

A linear time varying system (LTV) is a representation of a nonlinear system as a linear

system with time-varying parameters. This type of linear system is used in this thesis in control
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system design. It can be achieved by linearizing the nonlinear ODE system during the analyzed

maneuver and interpolating the matrices with time. The interpolated LTV system has the form

&(t) = A(Dz(t) + B(tu(t)

y(t) = Ct)z(t) + D(t)u(l)

In linear systems analysis, the concept of poles and zeros is important. Poles are the values

(2.1.22)

of complex variables for which the denominator of system’s transfer function is zero. The values
of the poles, discounting the case of pole cancellation, are the eigenvalues of the system, and
determine its stability and transient response. As for the zeros, they are the values for which
the nominator of the transfer function is zero, and their values state that a nonzero input to the
plant will cause a zero output of the system [20]. Feedback control will only change the location
of the poles of the system, the zeros remaining the same as the original plant. Selection of the
pole locations in control system design is the pole-placement problem and can be achieved by a

number of methods, for example the Ackermann formula, or the optimal approach.

2.1.5. Properties of dynamical systems

An important property of the dynamical systems is the stability. Stability of a system is
ensured when the states of a system do not grow beyond bounds in response to any initial
condition, bounded inputs, or disturbance [20]. Stability of nonlinear systems is most often
characterized in the sense of Lyapunov in that all solutions starting in points will stay near them.
The systems are said to be asymptotically stable if, beside staying nearby, the states will approach
an equilibrium point as time goes to infinity. More formally speaking, an equilibrium point z.
of system & = f(x,t) is Lyapunov stable if for each value of ¢ > 0 and §(¢) > 0, so that if
|x(0) — z|| < 6, then for all t > 0, ||z(t) — z.|| < €. The system is asymptotically stable, if
J can be chosen, so that lim,_,,, x(t) = x. [71]. The stability of any linear dynamical system,
that has only one equilibrium point is defined completely by the position of eigenvalues of the
state matrix.

Linear dynamical systems are described with the concepts of controllability and observ-
ability. These notions are important in control system and observer designs. A system is said
to be controllable if the system can be transfered from initial state x(t() to the desired, final
state using some input function w(¢) in finite time. The system is completely controllable if the
above sentence is true for all initial states and initial times. Controllability of a system is a very

important property in control system design as it allows for the feedback controller to assign all
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its closed-loop eigenvalues, therefore achieving the desired properties of the controlled system
in terms of stability, the speed of response, or changing the values of its natural frequencies [20].
A weaker form of controllability is the stabilizability. The system has this property, if it is only
partially controllable, but its uncontrollable modes are stable. Only the controllable modes of
the system can be unstable for it to be called stabilizable. Then the controllable poles can be
assigned as desired, and it is ensured the uncontrollable poles will be stable.

As for the second mentioned property, the system is observable, if its every state x(y) can
be determined from measurement of its output y(¢) in a finite time interval. In other words,
observability ensures that the transition of every element of the state vector will affect every
element of the output vector. The importance of observability lies in control system design of
a system in which the state is not available for measurement, and instead the unmeasured states
must be reconstructed from the measurable outputs. Again, a weaker notion like observability
can be defined as system detectability. It is ensured if in a partially observable system, its
unobservable modes are stable. The states that are observable can be unstable [101].

In time-invariant, linear systems of the form

T = Ax + Bu
y=Cx+ Du

with n being the dimension of «, and r the dimension of u, and m the dimension of y. Full

state controllability is ensured if the n x nr controllability matrix of the form

B AB A?B .. A"'B (2.1.23)

has rank n. A different formulation can be described for output controllability. This concept
is important if the values of the outputs are used to control the system in a feedback controller.
Then, the full output controllability is ensured when the output controllability matrix of size

m xr(n+1)

CB CAB CA?B .. CA"'B D (2.1.24)

has the rank of m. Likewise, full output observability is ensured when the rank of the mn xn

observability matrix
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C* A*C* CA . (A*)”*O*] (2.1.25)
is equal to n, with C* being the conjugate transpose of C'. Interesting from the point of view
of control system design is that the controllability and observability of a system in a closed-loop

feedback controller do not change in comparison to the open-loop system, and the control system

acts only in changing the stability (i.e. the location of system poles) of the plant [20].

2.1.6. Analysis of linear systems

In the context of research in this thesis, the most important linear system is the MIMO linear
system. The concept of stability was described in earlier section, and quantitatively, the stability
of time-invariant linear systems, which has only one equilibrium point, is characterized fully by
the location of eigenvalues of the state matrix. The continuous system is stable, if all eigenvalues
of a system are either zero or lie in the left side part of the complex plane (i.e., the real part of
a complex eigenvalue \; = Re + iIm is negative Re < 0). The performance of a MIMO
system, with its many outputs and inputs that are coupled to and interact with each other is
different than that of a SISO systems, where each control signal influences only one output,
and all the outputs are uncoupled. In the case of a SISO system, the system performance can
be evaluated by analyzing a frequency response and visualized as gain and phase margins on a
Bode plot. Moreover, the SISO system can be described as an input/output transfer function. In
the case of a MIMO system, the frequency-domain specifications are also valid, but instead of
plotting frequency response of every transfer function (of each control and output), two gains
vs. frequency functions i.e. the maximum and minimum singular values of the system can be
plotted and analyzed instead. This method is described as reducing the full transfer function

matrix to just two parameters [78]. The maximum and minimum singular values of G are

5(G(jw)) = V(MG (jw)*G(jw))) lmax
o(G(jw)) = V(MG (jw)*G(jw))) [min

(2.1.26)

Singular values of a system G are the positive square roots of eigenvalues of G*G, and can
be calculated by Singular Value Decomposition (SVD), in which a matrix GG can be decomposed

as

G=VvxUu" (2.1.27)
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where matrix V and U are orthogonal matrices of eigenvectors of GGT, GT G respectively.
Y’ is a diagonal matrix, and the nonnegative values on the diagonal are the singular values. All of
the intermediate excited singular values of a system by any input are bounded by the minimum
and maximum values [134]. To ensure good performance and robustness of a MIMO system, a
selection of requirements must be posed in regards to the bounds of the value of the two singular
values of the system in both low- and high-frequency ranges. This concept is the basis of H
and loop transfer recovery (LTR) control system design methods. This approach is similar to a
SISO system, where the requirements can also be specified in a gain-frequency (along with a

phase-frequency) Bode plot.

2.2. Optimization

The next concept along the way to solve an optimal control problem is optimization. In
a direct method of OCP, where the problem is transcribed from an infinite-dimensional to a
number of finite dimensions, the problem reduces to a static parameter optimization problem.
Optimization methods then are used to search for the values of the approximating function so
that the objective function of the OCP is minimized. The dynamic equation, as well as any
limitation on the solution are used as constraints in the optimization. In the next sections, the
most important findings of optimization theory are presented, that will be invaluable in this
thesis to solve an OCP.

The general formulation of an optimization problem is

minf(z)
subject tof;(z) < 0, for i=1,...,m

where f(x) is the objective (cost) function, f;(x) are constraint functions. A solution to
the stated problem z* is the smallest value of f(z) that satisfies the constraints (lies in a fea-
sible region, which means that all of the constraints are satisfied). In a general formulation,
the problem is difficult to solve and the solution is not assured to exist, or if it is found, not
assured to be global. The exceptions are the least-squares problem which has an analytical so-
lution, the linear programming problems, and the convex optimization problem. The concepts
of convex (or concave) functions play an important role in optimization. A convex function is a
twice-differentiable function with a second derivative being nonnegative (or positive semidef-

inite in multivariate optimization). A concave function, on the other hand has a nonpositive
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second derivative. An optimization problem which involves a convex (minimization) or con-
cave (maximization) objective function and a convex feasible set is called a convex optimization.

For such problem, an optimum is guaranteed to be global.

2.2.1. Constrained optimization

This section contains the basics of theory of function optimization with constraints. This the-
ory is especially important in direct optimal control theory, where the dynamics of a controlled
system are imposed as constraints on the trajectory. To arrive at constrained optimization theory,
first unconstrained optimization will be briefly described. The basic, unconstrained problem can

be written as

min f(x)

subjectto x € 2

where f(x) is called the design point and 2" is the feasible set (unbounded, in unconstrained
optimization). The sought design point is the global minimum of f. Unfortunately, there are no
general ways to ensure that a point is a global minimum and not just a local minimum [73]. All
depends on the shape of the function, the starting point for the search, the chosen optimization
method and in some cases - the settings of the solver. For a function of n variables, the conditions

for a local minimum in unconstrained optimization are

Vf(x*) =0 (2.2.1)

V2f(x*) >0 (positive definite for minimization), (2.2.2)

where x* is the minimum of function f. The term of first derivatives of the objective function

V f(x*) is the Jacobian and is defined as

_ | 9f of O fn

Oxy Oxs’ 7 Oz,

And the term of second derivatives of the objective function V2 f(z*) is the Hessian defined

V() (2.2.3)

as
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Function value that satisfies 2.2.1 is a stationary point, and in the case that V2 f(x*) = 0,
this point is a singular value, and not a minimum [21]. The unconstrained optimization problem
can be solved by a number of approaches, such as the bracketing, descent, gradient, stochastic,
and a number of other methods.

For the case of constrained optimization, the function to be optimized is augmented with a
penalty term. This term consists of a penalty weighing parameter (Lagrange multiplier) mul-
tiplied by a constraint function. In this way, the constrained problem can be transformed to
unconstrained and so optimization methods for unconstrained optimization can be used. If there

is one constraint h(x) = 0, then the augmented function (Lagrangian) is

L(z,\) = f(x) + \h(x) (2.2.5)

If an unequality constraint g(x) < 0 is introduced to the problem, and weighed by p, then

the Lagrangian becomes

Liz,i) = f(@) + pg(@) (2.2.6)

The penalty ;o must reflect the fact, that if the solution lies at the boundary of the constraint,

then the constraint is active. If it lies under the boundary, then it is inactive. And the solutions

that lie above the boundary are infeasible. In other words, the penalty 1 needs to be 1 = 0 if the

solution is feasible, ;1 = oo if infeasible and any other positive value at the constraint boundary
1> 0.

In general, for an optimization problem with k equality and m inequality constraits, the

generalized, augmented Lagrangian is

k m

Optimization algorithms often take use of the principle of duality. To ensure that the solution
to the optimization problem is feasible i.e. lies in an allowable region in respect to the constraints,

the problem is reformulated to
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= mi Lz, A 2.2.8
p+ = min max (2, A, 1) (2.2.8)

The above formulation is the primal form. The primal problem is identical to the original
problem and is not easy to solve [73]. The dual form appears by reversing of order of maxi-

mization and minimization.

d+ = max min L(x, A\, i) (2.2.9)

p>0A =
Referring to the max-min inequality states that the solution to the dual problem is a lower

bound on the primal problem solution.

maxrngn f(a,b) < mbinmax f(a,b) (2.2.10)

Solving the dual problem is easier, as maximization in regards to Lagrange multipliers is
concave. This is true even if the original problem is nonconvex [18]. The problem is reduced
to minimizing the Lagrangian in regards to  [73]. As was mentioned, the solution to the dual
problem d* is the lower bound on the solution to the primal problem p* (weak duality), and in
some cases, the dual problem will have the same solution as the primal problem, providing the
duality gap (the difference of the primal and dual values p* — d*) is zero (strong duality), and
that the primal and dual values are finite. The duality theorem states that if both the primal and
dual problems are feasible then p* = d*, and if on top of that the values p* and d* are finite,
then both optima are found [18]. Hence, the solution to the dual problem can be used as an
alternative approach to solving the original problem, or is at least used to assess the optimality
of the solution to the primal problem based on the feasibility of solution to the dual problem. In
other words, providing that the solutions to both problems are feasible, the stopping criterion of
the optimization is when the duality gap is smaller than a preset € value, and then the solution is
called e-suboptimal. For arbitrarily small tolerances e, the strong duality must hold [18].

The criteria (KKT, or Karush-Kuhn-Tucker conditions) for the optimality of the solution *

are that

l. g(z*) <0,h(z*)=0
the solution is feasible (Primal Feasibility)
2. >0

the penalty must be nonnegative (Dual Feasibility)
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3. pigi(x*) =0
either 1; = 0 when the solution is under the boundary, or g;(x*) = 0 when the solution
is right on the boundary, for all inequality constraints (denoted by subscript 7) (Comple-
mentary Slackness)

4 V(@) = X7 Vgl — XA Vhi(a*) = 0

the gradient of the Lagrangian vanishes at «* (Stationarity)

The KKT conditions are the necessary conditions for optimality of &* providing the strong
duality holds. If the problem is convex i.e. both the objective function and the constraints are
convex functions, then the solution is global.

Lagrange multiplier 1 can take many forms. In general, it is desired that i be equal to oo
if the solution is outside the feasible set, and zero if it is on the boundary of the set or inside
of it. The problem with this formulation is that such function is non-differentiable. To make
the Lagrangian differentiable to be able to compute its gradient, it is necessary the penalty
must also be a differentiable function. One of the approaches is that the penalty function can
count the number of constraints that are violated, and introduce a positive parameter p which is
the magnitude of violation. The penalty is added to the objective and is being increased with
subsequent iterations, for as long as the solution becomes feasible. For example, using a linear

penalty function such as

m m

Peount(®) = D _(gi(x) > 0) + > _(hi(x) #0) (2.2.11)

% %

min(f () + p - Peoune()) (22.12)

The problem with the penalty functions is that in some formulations lack the information on
the gradient of the penalty, and hence cannot be used to guide the solution towards the feasible
set, and in other, the penalty can reach very high values (approaching infinity) before a feasible
solution is found [73]. Another approach is through the Augmented Lagrange method, which
uses smaller (finite) values of the penalty.

The majority of methods for solving numerically constrained optimization problems can
be classified as the two methods, described below. The first approach is the Interior Point
method (Barrier method). The method introduces a barrier function that approaches infinity

as the solution approaches the boundary. The function must be continuous and nonnegative.
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The difference between this method and a penalty method is that the penalty ensures a return to
the feasible region, and the interior point method ensures that the solution never leaves it. This is
guaranteed by replacing the inequality constraints to equalities. Examples are the inverse barrier
and the log barrier functions. With a proper choice of the step of a line search and increasing
the barrier parameter in each iteration, the solution stays in the feasible set.

The second approach is the Active-Set method. In this method, the inequality constraints
are replaced by equalities that are active if an iterate lies on the boundary of the active set, and
inactive when within the boundary. The active set is composed of the constraints that are active
at the current point [100]. A conventional active-set method is divided into two phases - the
feasibility phase, and the optimality phase. In the first phase the cost function is ignored until a
feasible point is found, and in the second phase - the objective is minimized while maintaining
feasibility [149].

The next approach is a filter method, which separates the merit function consisting of the
objective function and the penalty function into two functions - the objective f(x) and the
constrain violation A(x). In doing that, the optimization becomes bi-objective. A trial point
in a filter method is accepted if it minimizes the objective or the violation. A filter is defined as
apairof (f(x;), h(x;)) that bounds the acceptable trial pairs. Every trial pair must lie beneath the
envelope established by the bound. The filter method is less restrictive in selecting acceptable
points than the penalty method and avoids the flaws of penalty method of slow convergence and
shortened Newton steps at the constraint boundary [41]. An important part of a filter method
is the feasibility restoration phase. The purpose of this phase is to find a new acceptable trial
iterate x;, that is acceptable to the filter or inform about an infeasibility in the problem. The
restoration phase is started if a line-search procedure cannot make sufficient progress in the
constraint violation or if the step size becomes too small. The restoration is useful both to the
solver, in places when it encounters difficulties, and to the user of the solver, which is informed
if the posed problem is infeasible, meaning a modeling error can be present in the formulation.
The result from the restoration phase is a minimizer of the constrain violation objective, and the

norm of the minimized violation informs about the infeasibility.

2.2.2. Newton’s method

Newton’s method is described in more detail here, as all optimization solvers used in optimal
control theory mentioned in the introduction utilize this function optimization method [11]. In

any general local descent method, the minimum of the function is found through guiding the
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iterate along a direction with a specified step size. In each iteration, the direction is chosen, and
the step size is calculated, and the iterate is guided towards minimization of the function. The

local descent algorithm proceeds according to an iterative procedure based on

LTr+1 = Tk + Oékdk (2213)

where xj, and x4, is the trial point (iterate) at the current and next iteration, «y is the
step size, and dj, is the descent direction. The descent direction can be derived with local
information, such as with the first (Jacobian) and second derivative (Hessian) depending on
the chosen method, as is the case in Newton’s method. A line search method is used to find an

optimal step size on a selected descent direction. The step size is calculated according to

ay,

Many methods use an approximate line search, in which less time and effort is put toward
precise determination of the step size, and instead «y, is calculated with a lower number of
evaluations, yielding a lower precision. Then, the next iteration on a new descent direction can
begin. The step size can be also chosen so that it causes a sufficient decrease (Armijo condition)

of the objective function

f(@rt1) < fz) + BarVa, fxk) (2.2.15)

Another condition for the sufficient step size is the curvature condition

Va, f(@et1) = oVa, f(@k) (2.2.16)

The curvature and the sufficient decrease condition are the Wolfe conditions.

In a backtracking line search, the step size is chosen initially as large, and reduced by a
constant value, until the step size satisfies the Armijo condition. Both conditions are satisfied
when using a strong backtracking line search. The local descent uses local information on the
function, for example on its derivatives, and hence the local model might not be satisfied far
from the current iterate. The solution to that are the trust region methods. The method restricts
the area where the local model is believed to be true. The trust region might be expanded or
contracted based on whether the current prediction matches the true behavior of the function.
In this method, the step size is selected first, so that it lies within the trust region, and then a

descent direction is chosen.
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With this introduction, now the Newton’s method is described. The Newton’s method is
an iterative numerical method for finding approximate roots of a function, as well as finding
function minima (roots of the function derivative) In optimization and finding extrema, this
descent method provides information on the search direction and step size based on function’s
second derivative. The method for optimization is a second order, which means that information
on the second derivative or the Hessian of the function is used to guide the iterate towards the
minimum. For a multivariate optimization, the derivation starts with the Taylor series at the

iterate xy, disregarding the entries of order higher than two

f(x) = f(xr) + V(e (x — xp) + %(w — ) V2 f () (z — 1) (2.2.17)

where V f(xy,) is the function Jacobian matrix at xy, and V2 f(xy) is the function Hessian

matrix. Differentiating both sides of equation 2.2.17 and equating the gradient to zero

0= Vf(zy)+ Vf(xy)(x — ) (2.2.18)

Rearraging, to find the next iterate

Tiy1 = — [V2f ()] [V (k)] (2.2.19)

Therefore, the Newton’s method descent direction is

dy, = — [V f(@)] " [V f ()] (2.2.20)

The above can be modified with a use of a step factor, and the Newton descent direction can
be utilized in a line-search procedure that was described previously. The information of the func-
tion’s Jacobian and Hessian can be known explicitly, differentiating a function symbolically, or
numerically. For example, a secant method approximates the second derivative with a finite dif-
ference, and in a Quasi-Newton method, the inverse Hessian in equation 2.2.19 is approximated
by a matrix updated in each iteration according to information from past iterations. Examples are
the Davidon-Fletcher-Powell (DFP) and Broyden-Fletcher-Goldfarb-Shanno (BFGS) methods
[73].
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2.3. Optimal control theory

The goal of optimal control theory is to find a control sequence or, more desirably, a control
law to guide the plant through various states in an optimal way in regards to a posed objective (or
cost) function. Finding a general control law is difficult and can be usually achieved analytically
only in selected cases, such as for example in a linear quadratic regulator, where the optimal
policy is linearly dependent on the current plant state u = — K, and the objective function
is regulating or reference signal tracking with minimum error and control effort. For other
cases, with more complex cost functions, the control policy can prove to be more difficult (or
impossible) to find. An alternative that the optimal control theory provides is to derive an optimal
transfer (maneuver) trajectory that is to be followed with a closed loop feedback control system
of a chosen structure. The optimal trajectory can be found by solving an optimal control problem
numerically. This section contains a short introduction to optimal control theory and lists with
some detail possible ways of solving an OCP (Optimal Control Problem).

A more rigorous than above definition of the optimal control theory starts with equation
2.1.19, repeated below. It shows a dynamical system described as a vector of ordinary differen-

tial equations.

Optimal control problem for such system is based on finding an admissible control for which
the system follows an admissible trajectory and a performance measure is minimized. The

performance measure is a scalar of the form

J = h(x(ts),ts) + / ' g(x(t), u(t),t) dt (2.3.1)

to

The first part of the equation is called the Mayer (final, endpoint or terminal) cost, and the
second - Lagrange (running) cost. If both the Meyer and the Lagrange costs are used, then
the OCP is called the Bolza problem [11]. The calculated admissible control and trajectory are
called optimal. The global minimum of a performance measure, denoted by J* is achieved for

an optimal control sequence u* that belongs to a set of admissible controls of system a.

J* = J*(x* (1), u*(t), ) (2.3.2)
J<J (2.3.3)
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Desirable is to find a functional for control u* = g(x(t),t). It is then called a control law.
In a special case of an optimal Linear Quadratic Regulator problem, the control law can be easily
implemented in a control system. However, for other then quadratic performance measures, an
analytical form of a control law, if it even can be obtained, is not as straightforward and harder
to implement [72]. In case of an online implementation, g can be approximated or extracted
as discrete values from a storage device and the optimal control calculated. This method can
be used for slowly evolving processes, for example chemical. However, the time to calculate
the solution for a complex high-order models might take too long for an onboard computer,
especially with such a fast system as a VTOL aircraft. A different approach is that the optimal
control law be computed offline beforehand, as in some of the literature examples mentioned in
the introducution.

When the optimal control problem is constrained, the constrains with Lagrange multipliers
are added to the performance measure. The constraints can be equalities or inequalities. Those

involve the dynamic constraints

Initial and final state constraints which define the bounds of the maneuver

Tro < To < Tuo (2.3.4)
TLf < Zf < TyUys (235)

Algebraic path constraints
By, < (2(t) ull),t) < @y (23.6)

And inequality constraints (state and control bounds)

rp <z <xy (237)

ur < u < uy (2.3.8)

The above constraints restrict the space where the solution is sought. They can represent
physical constraints following the nature of the dynamical system, limitations of actuator rate
and range, as well as other designer-specified limits. Of course, the problem can be uncon-

strained in some states or controls. The final time or state can be fixed or free as well. The
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optimal control problem can be a single- or multistage where the constraints can be specified
for each stage of the transfer.

To solve an optimal control problem two general methods are used - an indirect and a di-
rect method. An indirect method is based on finding a solution of a set of partial differential
equations derived beforehand from the problem statement using the calculus of variations. The
solution of the differential equations is the sought optimal control. More on that is described in
the next subsections. The resulting differential equations usually have no analytical solutions,
and need to be discretized and solved numerically. In a direct method, the problem that has
infinite dimensions (a continuous control sequence and state trajectory) is transcribed into finite
dimensions (by discretizing the state and control of the original problem). By rewritting the
original problem using a chosen transcription method (for example approximating the state and
control by polynomials), the problem becomes a static parameter optimization which is eas-
ier to solve. Direct methods use function optimization techniques to find an optimum of the
transcribed problem [115]. There also exist hybrid approaches that combine indirect and direct
methods.

Indirect optimal control methods are the Pontryagin’s minimum principle, Hamilton - Ja-
cobi - Bellman equation and dynamic programming. The first two are suitable for continuous
problems, and the last - discrete. The direct approach on the other hand is discretizing and
transcribing the optimal control problem into a nonlinear programming (NLP) problem. A short
description of the methods is presented in the next subsections.

An optimal control problem is incomplete without an objective. Below are shown the most
often used performance measures in literature [72]. They are namely

Minimize the maneuver time - penalize the final time of maneuver

ty
J :/ dt =ty (2.3.9)
0

Minimize the terminal state error - penalize final time errors (both negative and positive)
between actual state in terminal time and the desired value. The desired value can be either
nonzero (tracking problem) or zero (regulator problem). The measure here is the final cost (no
running part). Matrix H allows for different weights of state (for example to accentuate the most

important states or if some states have a different order of magnitude then others).
J = [m(ty) = r(tp)]" Hlz(ty) — r(ty)] (2.3.10)
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Minimize the tracking error - the idea is the same as above, but the cost is running - penalty

adds up in the whole maneuver interval.

J = /0 @) — (O Hla(t) — r(1)) dt 2.3.11)

Minimize the control effort - find lowest control combination to reach a specified target.
The measure is a running cost. The performance measure can be linear, quadratic, etc. depending

on the application. Here, the matrix R has the same purpose as H in previous example.
ty m
J= / > Bu(t)dt  linear (2.3.12)
0

J = /tf [u” (t)Ru(t)] dt quadratic (2.3.13)
0

From the above basic blocks, more complex performance measures can be built to penalize
more parameters at once with different weights. Example is the quadratic measure used in linear

quadratic regulator.

J= %azT(tf)H:c(tf) + /0 f %wT(t)Qw(t) + %UT@)R“@)‘“ (23.19)

2.3.1. Dynamic programming

Dynamic programming is a method of calculating the optimal trajectory on the basis of the
principle of optimality. To use the principle of optimality, the problem is split into simpler
subproblems. To compute the optimal solution of a subproblem in a given moment, all the
following decisions from next steps must be known and optimal. In other words, to calculate
the optimal solution to a problem, one needs to start from the last step and move backwards.
The results of all of the steps must be collected as a tabular data from which the whole optimal
path is derived. For this reason, for high-order problems with small mesh sizes, big storage is
needed. The principle of optimality can be expressed as a recursive formula for a k-th step,

when the total number of steps is N.

Tyor = min {gp + Ty gepin} (23.15)

where
INn_kn = IN_k n(TN_K) is the optimal cost of the K-th process,

gp = g(xN_k,un_k )AL is the running cost of the K-th process, and
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In-knan = Inknnv@v-kun-k) = IN_ g y(a(zn_k, un—k)AL) is the optimal
cost of the next to K-th process. Here, the state from the next to K-th step is replaced by the
state derivative from the K-th step.

The boundary condition (the last stage) is
Iy n = hry) (2.3.16)

Dynamic programming (DP) is reserved to optimization problems which can be split into
subproblems, then their results can be reused in the full problem. For example, dynamic pro-
gramming is used for finding the shortest path in a graph, finding the most optimal way to
multiply a chain of matrices, and other. No dynamics can be included in the problem. Differ-
ential dynamic programming (DDP) on the other hand can be used for dynamical systems to

compute optimal trajectories.

2.3.2. Hamilton-Jacobi-Bellman equation

The Hamilton-Jacobi-Bellman equation is another way to solve the optimal control problem.
The premise again is to use the principle of optimality. The result is a partial differential equation
from which the optimal performance measure and optimal control can be calculated. Usually, the
PDE needs to be solved numerically. Below is shown the very short derivation of the equation.
Some steps are ommitted, and a more detailed derivation can be found for example in [72]. The

short derivation begins with a system governed by the equation

T = a(z,u,t)

With the performance measure in the general form of

Ly
J = h(xs,ty) —|—/ g(x,u,t)dt

to

Splitting the integral into two intervals and minimizing to find the optimal performance

measure value

t+At tf
J*(z,t) :min{/ gdt—i—/ gdt+h(xf,tf)} (2.3.17)
t t

u(t) +AL

The formula is analogous to 2.3.15 in which the process is split into the last and the preceding

step. Using the principle of optimality
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t+AL
J*(x,t) :m(n)l{/ gdt—i—J*(:cHAt,t—i—At)} (2.3.18)
u(t t

Then the performance measure J*(x;a¢, ¢ + At) is expanded with a Taylor series about
the point (z;, t), with the assumption that only the first order terms are retained, and that a very
small increment At, and after regrouping the elements of the equation, the partial differential

Hamilton-Jacobi-Bellman equation can be achieved, which can be written as

aJ*
0= H 2.3.19
o ( )
With the boundary condition
J*(ZL‘f,tf) = h(ZL‘f,tf) (2320)

And the Hamiltionian .77 is defined here as

« T
ox

The minimum cost measure J* is the function that satisfies the H-J-B equation. To solve the

H = g(w,u,t)+

a(x,u,t) (2.3.21)

H-J-B equation for the optimal control w*, usually a numeric method is needed. The conditions

for u to minimize .7# are

% =0 (2.3.22)
ou
and
& >0 (2.3.23)
ou? o

2.3.3. Pontryagin’s Minimum Principle

Pontryagin’s minimum principle is derived from the calculus of variations. Calculus of vari-
ations is a branch of mathematics that deals with small deviations in functionals and functions to
find their extremals and extrema. The approach of calculus of variations for optimal control is an
indirect method - first, the mathematical relationship (multiple-point boundary-value problem)
is derived and then solved by a chosen numerical method to find a global optimum (maximum

or minimum [115]). Again, starting with the model
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And the performance measure

Ly
J:h(xf,tf)—l—/ g(x,u,t)dt

to
In the method for deriving optimal control for a system (with dynamic constraints) using

methods from the calculus of variations, the system equation a(x, u, t) is added as a constrain
to the performance measure with some weighing. p = [p1, p2,...p,]7 parameters are called
Lagrange multipliers, in a similar way as in constrained optimization. The resulting augmented

objective function is likewise called the Lagrangian.

L =h(xy,tr)+ /tf g(x,u,t) +p' (t) - (a(z,u,t) — i) dt (2.3.24)

to
Here, Hamiltonian is defined as

%(I7u1p) t) = g(x,u, t) +pT(t) ’ CL(CL’,U,, t) (2325)

An important concept in the theory of optimal control is Pontryagin’s minimum principle.
It states that an optimal control »*, must minimize the Hamiltonian. The significance of this
principle is that minimizing the Hamiltonian is easier then solving the original control problem.
Combining equations 2.3.24 and 2.3.25, perturbing the Lagrangian with (dx, du, dp), applying

a first-order Taylor approximation, and rearranging

honH . o o 5h
0L =~ /to (—a_x —p> ox — W(SU—F (—a—p +JJ) opdt + (% —|—pf> dry (2.3.26)

Therefore, equating the variation 0. = 0, the necessary conditions for optimality of the

functional J are

O

i) =, (2.3.27)
i O

b = - (2.3.28)
o _ (2.3.29)
ou



The above equations are valid in a time interval of t € (¢,¢s) and for admissible u(?).
Equation 2.3.27 is the state equation, and 2.3.28 is the costate equation. The boundary condition

for the initial state

And for the final state
oh
Pf = —7— (2.3.31)
Oz |
In a different formulation than presented above, the final state can be represented as [72]
oh oh
O=\{—=—| —p}|9d Hr+ — ot 2.3.32
<8a:f pf) $f+< f+at‘f> f ( )

where 0t is the variation of final time and dz is the variation in final state. Depending
on the specific problem formulation, additional assumptions can be added. For example, if the
final time is specified and fixed, then 6¢; = 0, and the boundary condition in the final time is
P} = % . The problem moreover can be augmented with inequality constraints on allowable
state and éontrols. The presented set of ordinary differential equations and boundary conditions
constitute a boundary value problem that in most cases must be solved numerically. Deriving the
optimality conditions from the original problem for large dynamical systems with many equality
and inequality constraints on states and control is not an easy task [11], and therefore for some

applications, direct methods are more suitable as they require less hand calculations.

2.3.4. Large-Scale NLP Solvers for optimal control

As was mentioned previously, beside indirect methods that have been shown in this section,
a direct method is also viable in solving the OCP in which shooting methods or collocation can
be used to transcribe the problem into static optimization usign nonlinear programming solvers,
where the discrete values at the nodes of state trajectory z; are subject to the optimization. To
ensure that the resultant optimal trajectory is feasible (i.e. satisfies dynamics of the problem),
a constraint is added to the original problem (either in the form of a penalty or a second cost
function depending on the implementation). In collocation, the defect from equation 2.1.17 is
added as a constrain to the original cost function, and the solver searches for both a minimum

of both the objective and the constrain violation.
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The first step in utilizing a nonlinear programming solver to solve an optimal control prob-
lem with a direct method is to split the maneuver interval into subintervals, i.e., into a grid of
timesteps. Then, the problem is transcribed with a selected method into a finite dimensional
static parameter optimization. The issue with the direct method is that depending on the number
of grid points and the order of a discretization method, the resulting NLP problem can become
very large [11]. Fortunately, modern large-scale NLP solvers utilize the sparsity of the matrices,
yielding the direct transcription (collocation) feasible, even for systems with many state and
control variables. In the nonlinear optimization domain, there is a number of numerical opti-
mization solvers, such as the ones mentioned in the introduction to this thesis. Here, attention
is given to the IPOPT solver that will be later used to solve an optimal control problem.

IPOPT (Interior Point Optimizer) is an open source software package for large-scale non-
linear optimization. It implements an interior point line search filter method [143]. The solver
has scaling functionality, and uses techniques for sparse matrices to save memory [138]. The

solver optimizes a sequence of barrier problem in the form of

min - ¢,,(x) = f(x) — p D in(w: —wip) — Y In(wi — ;)
subject to ¢(x) =0

where f(x) is the objective function to be minimized, y; is a barrier parameter of j-th barrier
problem in the sequence, x;;, and x;;; are the lower and upper inequality bounds on the variable
x; in , and ¢(x) is the equality constraint. The sequence of barrier problems to be solver have a
decreasing barrier parameter. The parameter is kept fixed until the solution to the barrier problem
is found, at which point the solution is calculated again with the previous approximate result and
a decreased barrier parameter. The procedure stops when the error to the barrier problem reaches
a tolerance. Each barrier problem is solved using a line-search filter method with Newton’s
method search step. As a filter method, it solves a two objective optimization problem, one
objective being the mentioned above ¢, (), the second - the constrain violation f(x) = ||c(x)||1.
A trial point in line-search is accepted if it improves either of the objectives. If the constrain
violation becomes small i.e. 0(zy) < 6,.:,, then a switching condition is triggered that ensures
sufficient progress in the barrier objective. This ensures that the solution does not converge to
a non-optimal, but feasible point (a minimizer of the constraint violation). The filter in [IPOPT
is defined as a pair of (6, ¢) which state an envelope for acceptable trial points. In a case where

the step size is found to be too small, the problem enters a feasibility restoration phase, where
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the constrain violation is decreased with an iterative method until a feasible trial point is found.
In infeasible problems, the constraint violation is brought to a local minimum, and the user is
informed about the infeasibility of the problem. IPOPT also implements a series of second order
corrections (SOC) for the step size to improve convergence of the constraint violation and ensure
sufficient progress of the solver. The correction also ensures that the function is never evaluated

outside the constraints, where it might be not defined in the problem.

2.3.5. Analytical solution

As was mentioned briefly at the start of this chapter, there is a formulation of the optimal
control problem, for which an analytical solution exists. For a linear, time-variable system
x(t) = A(t)x(t) + B(t)u(t), using a quadratic performance measure

1

J= %wT(tf)Hm(tf) + /tof %wT(t)Q(t):L'(t) b ST () R(t)u(t)d (2.3.33)

The above performance cost states that following the optimal control u*, the system will
be driven to zero (regulating), “’straight to the point” - with as little deviation as possible, and
with the least control effort. The weighing matrices H, (), R will state which goal of the three
is more important (which needs to have more impact in the overall cost). It is also used to put
more weight to the chosen state variables in comparison to others. For example, if it is desired
that the control effort be smaller, then the fields of R will be higher.

Using the H-J-B equation, a derivation of the control law of LQR is shown below. Using

equation 2.3.21, Hamiltonian is

1 1, aJ*
%—Qw Qw+2u Ru + e

A necessary condition for optimality of control is

(Az + Bu) (2.3.34)

or _ Ru* + BTaJ =0 (2.3.35)
ou ox
2
OA R>0 (2.3.36)
ou?

The second condition is valid because R(t) is always assumed positive definite in the LQR

statement. Solving the first equation for control

oI _

* _RleT
u Ox

R'BTJ, (2.3.37)
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Substituting into the Hamiltonian

1 1
H = §mTQ:c + JF Az — éjfBR‘lBij (2.3.38)

The Hamilton-Jacobi-Bellman equation is

1 1
O=J,+=J+ §:CTQ:C + JF Az — inTBR”BTJm (2.3.39)
As a solution, as a minimum performance index is proposed a quadratic function of the state

[72].

J = %mT(t)P(t)m (2.3.40)

Substituting the above into the H-J-B equation, the equation to calculate the matrix P(t) is

P(t) = —P(t)A(t) — AT(t)P(t) — Q(t) + P(t) BL)R () BY(t) P(¢t) (2.3.41)
P(ty)=H (2.3.42)
This equation is called the Riccati differential equation. The solution for the differential

equation has to be found numerically. If a steady-state solution (infinite-time process) is sought,

then P = 0 and the equation becomes the algebraic Riccati equation.

0=—-PA—A"P-Q+PBR'B"P (2.3.43)

After solving the Riccati equation (either algebraic or differential), the optimal control is

u* = —R'B'Px(t) = Kz(t) (2.3.44)
The optimal control is therefore a linear combination of the states. It can be added here
that other solutions for the optimal control in the LQR problem are also possible, with other
assumption for the solution than the one shown here [72].
2.3.6. Optimal control methods - summary

To summarize, optimal control method can be split into two categories

e Indirect methods - first, find a mathematical equation (either the two-point boundary problem

from the calculus of variation or with the H-J-B equation), then numerically solve it by
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discretizing. The main problem of this method is that the analytical optimality conditions
must be derived beforehand on the basis of the calculus of variations. The solution of the
OCP with an indirect method involves solving a multipoint boundary value problem. When
the dynamical system is high-order and nonlinear, the derivation can become laborious.
Moreover, as [11] states, further problems arise from the need to guess the values for the
adjoint variables, for they may not have a physical interpretation.

e Direct methods - discretize and solve optimization problem numerically. In all direct meth-
ods, the state trajectory which satisfies the dynamic equation constrains are parametrized
and adjusted to optimize the cost function by the optimization solver. The advantage of the
direct methods over the indirect methods is that they can be applied with less effort and no
need to explicitly derive the necessary conditions of optimality, however the search-space

of the optimization can become quite large.

The solution to the optimal control problem using any of the mentioned approaches or other,
as in hybrid approaches, is the optimal control sequence or policy. Only in certain cases, the
policy can be represented as an equation that is easy to implement into the real dynamical system.
In most cases, with arbitrary dynamics and objectives, the solution might not have such an
elegant form. A different approach to implementing the optimal control into the real object is
with the use of a feedback control system to follow a trajectory achieved by applying the optimal
control to aid the robustness that the ideal trajectory does not possess. Control system theory is a
very well established domain, and tested widely to prove applicability to real objects. Therefore,
in the next section, parts of this theory are described, as they will be invaluable to implement

the derived trajectory and optimal control into the dynamical system.

2.4. Control theory

The purpose of the control system design is to find a certain control architecture so that the
stated requirements for the behavior of the plant are met. Those requirements can be enhancing
the stability of the plant, imitating a different plant in the response (model following), achieving
the desired response to various inputs, and more. There are two main types of control systems.
The first is a closed-loop control, where the control signal is constantly adjusted during the
process following a control law or control sequence. The closed-loop can have a positive or a
negative feedback. The positive feedback amplifies the disturbances, while the negative feed-

back - eliminates the error caused by the disturbances. Figure 2.3 shows an example closed-loop
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control system with negative feedback. This model includes plant, sensor and actuator dynam-
ics. The components shown in the figure can be modeled in state- or frequency domain, either

as nonlinear differential or algebraic equations, or as transfer functions respectively.

Automatic controller

,,,,,,,,,,,,,,,,,,,,,,,,,

| |
! I
! I
| |
| ! Output
‘ Amplifier | Actuator »—| Plant >
| |
| |
| Actuating !
i error signal !
Sensor [

Figure 2.3. An example closed-loop control system [101]

The open-loop control system is a system in which the desired transition of the state from
initial time to final time is achieved only by the first control action. In the open-loop control
system, the required control input is derived from the knowledge of the plant. It doesn’t take
into account the current condition of the plant.

The first step to designing a control system is to pose a set of performance requirements
that the control system must obey. Then, the knowledge of the plant to be controlled must be
obtained. In the case of aircraft control, the parameters of the numerical model can be achieved
with analytic calculations, wind tunnel test data, or flight data. Then, a control system archi-
tecture has to be chosen i.e. the number of available outputs, controlled variables, placement
and number of gains, and if necessary, compensators, and estimators. Finally, the output of
the controlled system has to be analyzed from the point of view of posed requirements and the
control architecture adjusted if necessary [101].

In control design for aircraft, the controller architecture that is most often used is based on
splitting the parts of the control system based on their purpose. The inner system’s goal is to
stabilize the dynamics of the aircraft and to better the flying qualities. This system is called
the Stability Augmentation System (SAS). The outer control loop is the Control Augmentation
System (CAS) that allows the autopilot to perform more complicated functions, such as control
the attitude of the aircraft, or allow to perform automatic functions, such as for example auto-
matic landing or navigation [89]. Finally, the advanced aircraft can be equipped with additional

systems that allow the aircraft to become more autonomous, i.e., by introducing automatic mis-
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sion and trajectory planners. For many needs, the linear control methods are sufficient in design
for many applications, however other methods have also been applied with success, such as the
model predictive control, dynamic inversion, or control allocation [35], and more. The next
section provides a short summary and description of the most important methods for designing
aircraft control systems. Moreover, as is the topic of this thesis, an emphasis is placed on optimal

control methods.

2.4.1. Controller analysis and robustness

One of the most important design objectives is for the control system to have desired pole
and zero locations for a satisfactory response. In classical single-input single-output design ap-
proach, for dynamical systems with multiple states and outputs, all poles are placed individually
by means of successive loop closure. The design procedure is iterative, as the parameters of
one loop influence other loops. Multiple-input, multiple-output design methods offer a single
feedback control law that uses information about all the states of the system in state feedback
design, or of all outputs in output feedback design. State feedback, even though is not often en-
countered in real systems, where some states might not be measurable is important for a number
of reasons. The first is that the state, even if unavailable, can often be reconstructed by dynamic
estimators, from the knowledge of plant’s outputs. Second reason is that pole-placement of all
of the plant’s controllable poles can be achieved only through full state feedback. Moreover,
there is a number of optimal control laws that use state (or reconstructed state) for feedback
[20].

For SISO, linear systems, the analysis of the feedback controller and the resulting stabil-
ity and performance of the controlled plant are most often done using the frequency-domain
analysis, such as the Nyquist criterion, Routh’s stability criterion, Bode, polar or Nichols plots.
MIMO systems can be analyzed with multivariable Bode magnitude plot, which relies on sys-
tem’s singular values [134], as well as the multivariable Nyquist criterion. Example plots for
a MIMO system are shown in figure 2.4. As this thesis deals with a MIMO control systems,
the concept of singular values will be described briefly in the following sections, and used to
analyze the final designed controller. For nonlinear systems, describing functions and Lyapunov
stability theory can be used, as well as linearization which allows to use linear analysis methods.
The above methods are used to determine the stability (in the linear case, or equilibrium stability

in nonlinear systems [20]), performance, as well as robustness of feedback control system.
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Figure 2.4. Typical plots for stability, robustness and performance analysis of MIMO linear systems.

All numerical models of real dynamical systems contain parameter uncertainty. Moreover,
the environment that the plant operates in can be a source of disturbances. Therefore, it is
desirable for the designed controller to perform its functions in a satisfactory manner under
those conditions. This characteristic of a control system is robustness. Robustness can be
divided into two categories - stability robustness in which the controlled plant maintains stability
under uncertainty, and any disturbance input does not cause the responses of the system to
develop large deviations from the desired states. The second category is performance robustness.
Performance robustness depends on stability robustness. A plant that possesses performance
robustness can fulfill satisfactorily its function [132]. In order to ensure good robustness and
performance of the controlled system i.e., good disturbance rejection and sensor noise rejection,
low tracking error, and robustness under plant parameter variation a compromise is required in
values of the two singular values of the plant in that the minimum singular value o should be
large in the low frequency range in which disturbances, plant uncertainty, and controls are, and
the maximum singular value & should be small in the high frequency range, where sensor noise
and any unmodeled high-frequency dynamics of the plant are. The result is a trade-off between

good command tracking and low impact of disturbances and between high-frequency noise.

81



2.4.2. Linear quadratic regulator (LQR)

The linear quadratic regulator is a linear multiple-input, multiple-output system control de-
sign technique. The solution to the linear quadratic regulator problem has been shown in section
2.3. Here however, the LQR is described with more practical considerations. To summarize in-
formation presented in previous sections, the LQR is a multiple-input, multiple-output controller
for linear systems. The controller is optimal in its quadratic cost function in which the control
effort, the state error, and the final-time state error are minimized, subject to weighing matrices.
The resulting optimal control is a linear combination of the state variables. The LQR can be
regarded also as a pole-placing technique that allows to select optimally, in terms of quality
of response and control effort, the complex-plane placement of controllable poles of a system.
The condition for this to be true is that the system must be stabilizable, i.e., that the remaining,

uncontrollable poles be stable [101]. To reiterate, the LQR problem of the form

J* = min (%wT(tf)Hw(tf) + / ' %a:T(t)Qw(t) + %uT(t)Ru(t)dt)

u(t) to

with  and H positive semi-definite, symmetric matrices, and R positive definite symmetric

matrix, subject to a linear, time-invariant system of the form

x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

has a solution that is a state feedback as in

u*(t) = —K(t)x (2.4.1)

The solution to the problem is a control law that is full state feedback control, therefore either
the measurement of every system state is required, or an additional observer to reconstruct the
state from available output. A different formulation allows also for output feedback application,
but the solution then loses some of the properties that a state-feedback offers [134]. These
properties are listed below.

Stability - the closed loop system #(t) = (A — BK)x(t) is stable, if the matrix @ is
chosen, so that all the controllable, unstable modes of the stabilizable system (A, B) have a

representation in the matrix, i.e., pair (H, A) must be detectable, with H derived fromQ = HT H
[3].
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Robustness - the full state feedback LQR has an infinite gain margin, as well as a phase
margin of at least 60°, which is more than most requirements posed for classical single-input,
single-output controllers [134], however the gain has a roll off characteristic of only -20
dB/decade and a poor tolerance to multiplicative uncertainty [3].

Controller order - the order of the controller, if no other compensators and integrators are
used, is the same as the order of the original system, which is a desirable characteristic, as a
smaller number of gains need to be gain-scheduled.

However, the LQR also has a number of drawbacks, one of them being the requirement of
the information on every state, if the guaranteed properties listed are to be preserved. Moreover,

the selection of weighting matrices (), R, and H often require trial and error.

2.5. Propeller theory

A vital part of the analysis of electric VTOLSs is the propeller theory. Propellers on a
quad-plane can operate in very complex conditions. Those complexities arise from the chosen
configuration of the aircraft, i.e., how close propellers are to other surfaces, whether they are
in a coaxial configuration or singular, the range of the incidence angles, and, in general, the
variability of the experienced conditions in flight. Due to those complexities and a wide range
of possible applications, an analytical model of propellers of high fidelity is difficult to come
by, especially for unusual configurations.

Until recently, the propeller acrodynamic theory and modeling principles sources were avail-
able for helicopters. However, some of the concepts valid for helicopter rotors, such as the
non-linear scaling of the forces, the difference in mechanisms used (i.e., the hinges used in
helicopters, propeller pitch change mechanisms, and more), as well as rotor geometry and disc
loadings are vastly different from quadcopters. For this reason, developing theories specific
for copters and other higher disc-loading VTOL vehicles is essential from the point of view of
enhancing modeling and control of these platforms [8].

The interest in analyzing the VTOL propulsion system behavior is relatively recent [ 7], with
authors analyzing the VTOL propeller characteristics in terms of experimental aerodynamics,
CFD and wake models [84], analytical relations for hovering propellers [77], [8], propeller drag
estimation [110], [131], hovering propellers pitching moment contributions on airframe [110],
[59], total vehicle drag due to hovering propellers contributions [7], and the impact of the above

on vehicle design [59], control [48], [34], and more.
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The following section describes the rotor acrodynamic theory, especially the concepts rele-
vant to VTOLSs, starting with modeling propeller behavior at axial flow and discussing propeller
operation at an incidence angle. The description of the theory is kept general, as the forces
and moments modeling in this thesis is based mostly on wind tunnel results for the specific
configuration, and less on the aerodynamic theory. Nevertheless, some concepts shown below

will be used throughout the thesis.

2.5.1. Axial flow

The actuator disc theory is the simplest model that can predict the propeller thrust, induced
velocity, and induced power in axial flow. The propeller is assumed to be a disc composed of
an infinite number of blades. The thrust is assumed to be uniform across the disc. The disc
accelerates the air passing through it and causes a pressure jump upon passing. The method
is based on mass, momentum, and energy conservation laws. Figure 2.5 presents the various
conditions in which the operator can operate in terms of the climb rate and the axial velocity of

air flowing opposite to the flight direction.
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Figure 2.5. Various propeller conditions in hover and axial flight [106]
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Within the most basic theory of the actuator disc, two results can be achieved depending on
which assumption is taken. The first one follows after the assumption that the pressure in the
wake is equal to the ambient pressure. The above assumptions result in the fact that the disc

causes the speed at the propeller to double (£ = 2 in the equation below) in the far wake.

P =DPx

v = kv;

In the general case of climbing the thrust is

T = 2pA(ve + v;)v; (2.5.1)

While in descending

T = 2pA(vg — vy)v; (2.5.2)

And in hover where v. = 0, and changing subscript to indicate induced velocity in hover

T = 2pAv; (2.5.3)

The induced velocity of the disc can be written as a relation to the disc loading % as

[T

Now moving onto the second result which uses a more realistic assumption, that the pressure
in the far wake is not equal to the ambient pressure, but is a sum of the ambient pressure and a
component related to the vertical motion of the sheets of air trailed downwards by the disc with

speed w. The pressure in the far wake is then

]‘ 2
p:poo+§pw

As for the airspeed far in the wake, the relation is more complicated then in the most basic

case and is
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v (v, + v;)

2— .
V7 =0 + 2(ve +0)

In hover

v = kv,

where coefficient £ = 1.5. The induced velocity is related to thrust as in

2 | T
N i 2.5.
V5 3\/ A (2.5.5)

However, the equation 2.5.2 is only valid when ;j—h < —2. Equation symbolizes a state
of windmill brake condition. When the propeller is in an axial from below (descending), the
induced flow can start recirculating upstream. For the descent rates of o between 0 and around
-2, no simple analytical model is available. This is the area of the vortex ring state, where the
flow through propeller is characterized by unsteady behavior, and vortices in a toroidal shape
around the propeller disc. As can be seen from figure 2.6, in this state, the induced velocity is
larger, causing a higher induced power. At higher descend speeds, the induced speed and power

drops.

Turbulent _| Vortex *{
e

wake state ring stat
2 A A ‘ ‘

/N [ .
v k \ Experimental
[ \‘ \ . .
\ <\ induced velocity

\\ \\
\ N

—
Windmill Normal
brake state " | \ <_working state

-4 -3 -2 -1 v 0 1 2

Figure 2.6. Relation of propeller induced velocity and axial inflow velocity. From [19].

To acquire more realistic results, the blade element theory in axial flight can be used, as well
as propeller wake theory. These theories are described in more details in the next section, where

considerations of propeller placed at an incidence are shown.
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2.5.2. Flow at an incidence

Vertical take-off and landing vehicles that use separate propellers for hovering and forward
flight are impacted by the drag of the vertical propulsion system outside of the hover and transi-
tion phases. In the design or analyses of VTOL vehicles, it is necessary to consider the effects of
non-axial flows, as they are sure to increase the vehicle drag or pitching moment contributions.
These effects, in turn, may lead to a reduction of the range [131], or the cruise speed [7] or the
inability of the vehicle to perform certain maneuvers, i.e., the required pitch down motions [59].
The methods for estimation of propeller parameters in non-axial airflow are shown below. A
brief description of all methods is offered here, categorized by the level at which they are used.

Disc actuator considerations

In this category, the analysis is given for a simplified model of a propeller in the same way
as the actuator disc theory was described for axial flow. Figure 2.7 shows one possible way to

analyze an actuator disc operating at an incidence.

STREAMTUBE
AFFECTED BY
THE ACTUATOR

Figure 2.7. Propeller at an incidence [133]

The concept given by Glauert relies on the assumption that speed vector of airflow through
the propeller in non-axial flight is the resulting vector from summing the distant flow velocity
and induced velocity in forward flight [133]. Therefore, the induced speed of the propeller is

expressed with respect to the resulting speed of flow at an incidence angle

T
2oV

(%

Where the resulting speed is

V' = \/(Vaocosap)? + (Vaosinap — ;)2
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The above equation can be rewritten as

V4V, Vi —1=0 (2.5.6)

where the non-dimensional induced speed is defined as

-V
V= — 2.5.7
7 (2.5.7)
and the non-dimensional tangent speed as
- Vi
Vig= -2 2.5.8
tg VE) ( )
Similarly, the non-dimensional axial speed is
2 V(le
V:zx = 2.59
% 2:5.9)

Equation 2.5.6 can be better visualized on a plot as in figure 2.8.

1.0

0.8

0.6 -

0.4 A

0.2

0.0

Vig

Figure 2.8. Induced velocity to forward flight relation [19]

Blade element considerations

In the next level of propeller analysis, the propeller is split into a number of blades. Then, the
Blade Element Momentum Theory (BEMT) can be used to calculate the propeller disc’s thrust,
torque, and power in various flight conditions. The theory assumes that the propeller consists of

a finite number of blades and that the blade’s geometry is known and well-described. First, the
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propeller blade is split into sections. Each section’s airfoil, pitch angle, zero lift angle, and chord

must be described in detail along the propeller’s span. The blade section is shown in figure 2.9.

LR

/~ - Blade section

Figure 2.9. Blade section in vertical flight [127]

From the figure, the propeller blade section characteristics are

1
dT = §pU20(C’Lcos¢ — Cpsing)dy

dQ = %pUQCy(CLsincb — Cpcosd)dy

dP = dQ%
p=0—-a
U=U(Vw,Q, )

And the lift and drag coefficient of the propeller section is

C’L = CL(?%B? Oé)
CD = CD(y,ﬁ,CY)

The above equations can be integrated along the propeller span to acquire the thrust, torque,
and power of the full propeller blade. The issue with using this method is that propeller param-
eters have to be known and well-defined. Propellers used in analyses in this thesis are bought
off the market, and their parameters are not disclosed by the producer. For this reason, the full
blade element theory is not reproduced here. Instead, a few remarks that arise from it and are

important in this thesis are mentioned. The first thing is the behavior of the propeller with an
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inflow normal to the propeller plane. This situation is visualized on a propeller section in figures
2.10. In the case of airflow from above the propeller (climbing), the resulting angle of attack
across the whole propeller azimuth is decreased, therefore decreasing the lift. The opposite is
true in the case of airflow from below the propeller. As was shown in [110], after the integra-
tion of all forces along the propeller span, the thrust and power are also affected. In the case of
inflow from below, the thrust is increased more than the power, and therefore, to keep the thrust
constant while increasing inflow speed, less power is needed. The simple model, however, does
not include unsteady effects, such as the vortex ring state, which appears in this exact flight
scenario (descending) at high descent rates.

Moreover, at a high speed forward flight, the speed at the advancing blade is higher than
on the retreating blade. This is symbolized in figure 2.11 which presents a blade element of
the advancing and retreating blades of the propeller. This unsymmetry along the propeller span

gives rise to periodic forces, propeller bending, and off axis forces.

V=wr

(a) Blade element with inflow from above. (b) Blade element with inflow from below.

Figure 2.10. A simple illustration of a blade elements of in upwash and downwash.
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Vr

(a) Blade element on an advancing blade. (b) Blade element on an retreating blade.

Figure 2.11. A simple illustration of a blade element of an advancing and retreating blade in forward

flight.

Wake considerations

The above considerations can be enhanced with considering the propeller wake. The most
basic version of the blade element momentum theory does not include complex wake effects
or the interference between the layers of the wake that fall downwards from the propeller. The
horizontal flow passes around the airflow and is deflected downwards afterward. At each ro-
tation of the propeller, the current wake layer interacts with the previous layers. This effect is
highly dependent on various parameters, such as rotation speed, the current position of the blade
on the azimuth, the magnitude and direction of flight speed, and more. Moreover, the effects of
other surfaces in the vicinity of the propeller have an impact on the shape and characteristics of
the wake. The correct estimation of the wake characteristics brings a better understanding and
estimation of such concepts as the induced velocity distribution on the blade, the total induced
velocity of the propeller, the interference of other surfaces on the propeller characteristics, and
others. The most important methods in the analysis of the propeller (or rotor) wake are the
uniform or rigid wake model, the prescribed wake, and the most refined free wake method [19].
Again, the propeller model derived in this thesis is based on the results from the wind tunnel
tests, and detailed knowledge and model of the propeller characteristics or its wake was not
used. Therefore, the wake methods are not described here further.

Propeller considerations

Looking at the full propeller with a finite number of blades, the effects that can be seen are
similar to those seen in helicopter rotors. They are the symmetric bending of the blades due to

the total thrust force due to the lift of the airfoil, the total torque that the blade experiences due
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to profile and induced drag, and the centrifugal force. In forward, horizontal flight, the blades
experience uneven lift at advancing and retreating sides, unsymmetric bending, and off-axis
forces and bending moments. The propeller blade, in opposition to a rotor blade, has no flapping
hinges and elastic elements, hence no relief from the bending moments that arise in the tangential
airflow. The propeller deflection however is small, as the blades are very stiff. A stiff flapping”
(bending) propeller is shown in figure 2.12. The bending can be presented as flapping at an

equivalent offset hinge.

Figure 2.12. Bending of the propeller blade in tangential airflow (drawn based on [59])

The tip path plane of the propeller in forward tangential flight, in a similar manner to a
helicopter blade, will deflect to the rear of the aircraft. With the vehicle flying to the right, the
tip path plane deflects to the left. This causes the thrust vector to also deflect with a,. angle to the
back and to the side with a;. angle (figure 2.12). In opposition to helicopters, where the blades
have more freedom in flapping or bending, the propeller, being very stiff, has little freedom, and
the deflection angle will be small. Nevertheless, this effect will give rise to a horizontal drag
force. The vertical force from thrust, on the other hand, will increase as the airspeed increases,
as was shown previously in blade element considerations. If the center of gravity of the aircraft
lays away from the propeller plane, the drag force will also cause a moment about the center
of gravity. Moreover, the bending moments on the single propeller come from a hinge moment
that arises from bending. The forces in the nonrotating propeller coordinate system Opxpypzp
(Origin Op in shaft center, zp along the shaft, x p along wind speed vector, and yp resultant) are

shown below.
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F,, = Tcosassina;. (2.5.10)
F,, = Tsina (2.5.11)
F,, =Tcosascosa, (2.5.12)
M,, = kyrar. + Qcosaissinay, (2.5.13)
M,, = kyais + Qsina (2.5.14)
M., = Qcosayscosay. (2.5.15)

where the variables are

T =T(Vy,a,B,7) Thrust of the propeller
Q = Q(7) Torque of the propeller
knr Propeller bending stiffness
a1 = a1.(Ve, @) Longitudinal tilting (bending) angle

a1s = a15(Vao, f) Lateral tilting (bending) angle

The total deflection of the blade at any point along the azimuth W is

Boend = o — @108V + aq5inW (2.5.16)

where q is the coning (symmetrical bending) angle, a;.. is the longitudinal tilting (bending),
and ay is the lateral tilting (bending), and the azimuth ¥ is measured from zero at the rear of
the propeller (rear of the vehicle).

Following [59], it was concluded that the blade deflection stiffness &, is very small, and
in the mentioned paper, was about 0.23%. The unsymmetrical tilt angles of the propeller are
very small (in the wind tunnel for the propeller analyzed in this thesis, it was less than 10°
at speeds higher than 20ms~!). Therefore, in the calculations that follow, the hinge moments
are neglected, as they are about three orders of magnitude smaller than other moments on the
aircraft. The other components of the moment, due to the change of the propeller plane and the
torque vector direction, are also neglected because the value of torque is much lower than thrust,

so it is estimated that the components will also be very small.
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Estimation of the above forces, moments, and bending angles is not attempted here, and
the analysis shown in later parts of the thesis is based on more realistic wind tunnel results.
Moreover, the forces and parameters in the equations above are derived for a single propeller.
In the operation of multiple propellers, the forces and moments are also dependent on the geom-
etry of the configuration, i.e., the total number of propellers, their mutual positions, and other
surfaces that come in contact with the airflow, causing aecrodynamic interference. In the case
of quadcopters, where the motors and propellers are placed on beams and are away from other
surfaces, this method is sufficient [59]. However, in more complex configurations, such as a
quad-plane, more refined methods to estimate the forces and moments are needed.

In the operation of quad planes, it is important not to exceed certain forward flight speeds
with the propellers operating. In the case of quad planes, the cross-section of the tail boom
where the motors and propellers are mounted is usually increased due to the high vehicle mass
and, hence, higher stresses in the structure. For this reason, the propeller can, while bending, hit

the tail boom and break.

Figure 2.13. Bending of the blade in the wind tunnel at 20 m/s.

This is even more pronounced in coaxial configurations, separated by the boom, where the
distance between propellers should be small to ensure the highest efficiency and thrust of the
pair. Then, the clearance of the propeller tip to the tail boom gets dangerously low. In figure
2.13, the bending of the propeller in the wind tunnel is shown. In one case during the tests, when
the wind speed exceeded 20 m/s, the propeller hit the tail boom and broke. Such a situation is
unacceptable in flight and must be avoided, as well as using fault-tolerant fail-safes to prevent

accidents.
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Vehicle considerations

{G}

XG

Y® ) \’4—‘))65

Figure 2.14. Quadcopter coordinate system [114]

Taking the above discussion further and transforming the nonrotating propeller coordinate

system to the vehicle-specific system (assuming n identical propellers, placed along the vehicle

coordinate system axes at r; vector distances from the drone center of mass, wherei = 1, ..., n).

The example quadcopter and its coordinate system is shown in figure 2.14. The forces and

moments presented in vehicle coordinate system are

T:c080714STMA1;
Fp; = T, sinays;

Ticosa14;CO08G1¢;

kyraie + Qicosars;sinaye

MDi = kMalsi + Qisinalsi
Qicosasicosay
n
FD = § FDi
=1
n
MD = E (MDz+FDz X 'I‘i)
=1

(2.5.17)

(2.5.18)

(2.5.19)

(2.5.20)

Assuming that the drone is in thrust and torque equilibrium (i.e., the control signal into

the motors steers it to keep constant height and constant heading), and there is no thrust/yaw

coupling (for example through tilting of the motor shaft axis), all of the moments that arise from
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n
Z (Mp; + Fp; x r;) can cause an adverse, destabilizing moments in the pitch and roll axes.
i“:hle reasons are threefold - the first reason is the careless design of the drone and the placement
of its center of gravity in regard to the motors. When the vehicle is moving in the horizontal
plane, the tilted tip path plage of the propeller can cause either adverse or favorable moments

around the drone c.g. as in Z (Fp;i x r;). This effect can be mitigated by a more careful drone
layout design. The second ii:slthe hinge moment kj;a14; and kjraq.;, that transfers to the drone
frame - the propeller plane axis in forward (or side) flight always bends in the opposite direction
than the direction of flight. Hence, the hinge moments will always cause a destabilizing effect.
Finally, the third effect is due to uneven conditions of the propellers in horizontal flight. When
the vehicle is flying to the side, the left and right propellers will operate in different conditions
due to the fact that some of the propellers are placed downstream of others. Likewise, if the
drone is in forward flight, then the rear propellers need more power to sustain a desired pitch,
and in flying to the right, the left propellers are in an aerodynamic ’shadow”, from the vehicle
body and need more power to keep a desired roll of the drone. The same situation is seen moving

backward and leftwards. All of those effects will lead to less control authority in pitch and roll

and might cause problems in achieving the desired attitude.
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3. Numerical model

The following section presents the derivation of the ordinary differential equation system
used to describe the spacial motion of the vehicle that possesses 6 degrees of freedom. A
numerical simulation model is a very important tool in the process of designing a control system.
The level of certainty as to the fidelity of the model influences if the control system parameters
would have to be tuned additionally. The goal of this thesis is to try to take into account as many
effects and variables as possible, taking into account the computational tools and data available

to the author. The main assumptions of the derived numerical model are listed below.

e The purpose of the model is to reproduce the parameters and simulate the motion of the
chosen quad-plane in the transition phase. The transition starts at hovering, and ends at
forward flight, near the stall speed.

e The aircraft is modeled as a rigid body with no aeroelasticity.

e The aircraft model is 6 degree-of-freedom for the purposes of a control system design.

e The aircraft model used for calculations of optimal trajectory is 3 degree-of-freedom
to reduce computational requirements for the optimal control solver and because the 6
degree-of-freedom model does not add much information to the solutio. The transition
trajectory is in the x — z plane, with the movement in « — y plane reduced to a minimum.

e The aerodynamic data has been computed by a CFD method for angles of attack in the range
(—90° : 90°) and sideslip angle in the range (—90° : 90°). Such range for the sideslip angle
is not necessary, but the data was available nevertheless, so it was utilized.

e The vertical propulsion is modeled based on the results from the wind tunnel tests. It is
assumed to operate mostly in tangential conditions during the transition. The influence
of variable airspeed and angle of attack are taken into account. Axial conditions are also
modeled for hover and climbing conditions if required by the transition trajectory.

e The horizontal propulsion system is modeled using the data of the propeller in axial airflow
with variable inflow speed. The system is assumed to operate only in axial conditions. Any
effects due to the angle of attack are omitted as being small.

e Inaddition to the above, the transient responses of propulsion forces and moments to throttle

inputs have been modeled as a first-order dynamic systems with a time constant.

In this section is shown only the derivation of the model without numeric data, and every-
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thing is modeled to be as generic as possible for this type of aircraft. The quantitative data

specifically for the selected quad-plane are described in section 4.

3.1. Coordinate systems

The first step in deriving the equations of motion is to set proper coordinate systems. Here,
the convention is the same as in most aircraft dynamics and control materials, e.g. [35], [134],
[117]. The coordinate systems in the analysis are as follows: the Earth system (assumed as an
inertial system for the purposes of this thesis) Ogpxpypzg, body system Opxpypzg. These
coordinate systems are shown in figure 3.1. On top of that, defined are also wind system
Opxwyw 2w, eight vertical motor systems, indexed by @ O,;x,;yi2,; and one pusher motor

system O, Yim Zim.-

-~
‘&
.

LE
RE

Figure 3.1. Body and Earth coordinate systems. Euler angles.
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The Earth system Opzpygzp is defined as follows. The origin of the frame Op lies on the
Earth tangent plane. Its position can be chosen arbitrarily, but is chosen, so that at the start of
the simulation, the O is right below the aircraft center of gravity Op, so thatthe xp = yg = 0,
and zp = 29. The xg axis is in the direction of North, and the y axis in the East direction. The
zp is towards the Earth ground, in the direction of the gravity vector. The axes 2'g, v, and
z' g are shown in figure attached in Op origin to highlight the transformation angles between the

two coordinate systems.

B = — I
Q
rw
2B AW
A YB
Tw yw

TB \

Figure 3.2. Definition of the wind coordinate system.

The body system Ogxgypzp is defined as follows. The origin Op is coincident with aircraft
center of mass, xp axis is in line with fuselage center axis, the yp axis is along the span of the
wing, in the direction of the right wing, and the 2z axis is according to the right-hand rule
towards the bottom of the aircraft. The zp2p plane is a plane of symmetry of the aircraft. The
transformation from the Earth frame to the Body frame will be described in later sections and

consists of three consecutive rotations. The wind system shown in the figure 3.2. Ogzw yw 2w

99



origin is coincident with the body frame origin, and the axes are rotated in regards to the body
axes by the sideslip angle 3 about the zp axis, and then by the angle of attack « about the

resulting, rotated 43 axis.

3.1.1. Coordinate transformations

To transform the vectors between coordinate systems, a direction cosine matrix (DCM) can
be used. The direction cosine matrix is an orthogonal matrix that represents a linear transfor-
mation between vectors in two frames. Specifically, the DCM represents a rotation of reference
frames. The transformation from frame A to frame B will be denoted here as C'p, 4. Starting
with the transformation from the Body system to Earth system. Rotation matrices for rotation
about zp axis with yaw angle v, then around the resulting vz axis with pitch angle 0, and finally
around the resulting axis 2’5 with roll angle ¢. After completing three transformations, new
coordinate system Opxpyp2zE emerges.

The three vector rotations can be represented as

1 0 0
Cs= 10 cosp sing (3.1.1)
0 —sing cos¢p

cosf 0 —sind
Co=10 1 0 (3.1.2)

sinf 0 cosf

cosyp sy 0
Cy = | —sinyy cosyp 0 (3.1.3)
0 0 1

Using the above, the complete 3 rotation transformation can be performed by the following

DCM

Cpyp = CyCyCly =

cost) cosip cost sini —sinf (3.1.4)

= | sing sinf cosyp — cos¢ sinyy  cosop cosy + sing sinf siny  sing cosd

stng siny + cos¢ sinf cosyp  cos¢ sind siny — sing cosy  coso cost
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Reverse transformation from Earth frame to body frame can be performed by taking the

inverse of the DCM, which is also its transpose

Cr/p = C'B/Jf1 =
costl costp  sing sinb cosy — cosg siny  sing siny + cose sinb cosy (3.1.5)
= | cosf siny)  cosp cosy + sing sinf siny  cos¢ sinf siny — sing cosy

—sinf sing cosf cos¢ cost

Similarly, a transformation from wind frame to body frame is performed by two rotations -

with the sideslip angle 5 and then with angle of attack . The two rotations are

cosae 0 —sina
C, = 0 1 0 (3.1.6)

sinae 0 cosa

cosfp —sinf 0
Cs = |sinB cosB 0 (3.1.7)
0 0 1

And combining to get the total rotation as in

cosa cosf3 —cosasinf —sina
Cpyw = CoCs = sinf cosp 0 (3.1.8)
sina cosfS —sina sinf3  cosa

And the inverse being its transpose, as is a characteristic of an orthogonal matrix, that is

cosacosf3  sinf  sinacosf3
Cw/p = C’B/Wil = | —cosasinf cosfp —sinasinf (3.1.9)
—Ssina 0 cosq

To transform from the Earth frame to the wind frame, one can multiply two DCMs.

Cw/e = Cg/BC/w (3.1.10)
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3.2. Kinematic relations

3.2.1. Translational kinematics

Translational kinematics relate linear velocities between the Earth and Body coordinate sys-

tems. The derivation starts with a linear transformation

Te = Cp/BUB (3.2.1)

where matrix C'r/p has been described in 3.1.5.
The state vector used in this thesis consists of velocity vector magnitude V., « and S,

therefore transforming body velocity to wind frame

Ve Vo cosa cosfs
vg=Cgw | 0 | = Vo sinf3 (3.2.2)
0 Vo sina cos3

From the above transformation, the following relations can be derived, and will be useful in

later sections

Voo = VU2 + 02 + w? (3.2.3)

(XZGMH<%) (3.2.4)
5:wm<%0 (3.2.5)

Moreover, in the chosen form of the state vector, the aircraft altitude is

H=—z (3.2.6)

3.2.2. Rotational kinematics

The kinematic equations represent an expression that relates Euler angles ¢, 6, v with the

body frame angular velocities [97].

b 0 0 1 0 —sind | |
wp=[0|+Cs| |0]| +Co|0| | =10 cosp singcost| |0 (3.2.7)
0 0 ¥ 0 —sing cospcost w
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After inverting the matrix, the rotational kinematic equation becomes

b 1 singtanf  cos¢tand | | P
ol = |0 coso —sing Q (3.2.8)

0 0 sing/cosl cosp/cosd| | R
The equation has a singularity at ¢ = 90°. To prevent the singularity from occuring, in some
formulations quaternions are used instead of Euler angles [97]. However, in this thesis, the Euler

angle formulation is sufficient and therefore was used.

3.3. Rigid-body equations

The following section describes a brief derivation of equations on motion of a 6 degree of
freedom rigid body. The derivation has been reproduced based on, and with the conventions of
various flight dynamics sources, such as for instance [35], [37], [40], [74], [97], [134].

The dynamic equations contain a relation to the external forces and moments that act on an
aircraft. The full derived model, as well as the forces and moments are nonlinear, presented here
with the least number of restrictions and assumption as to the specific geometry, mass properties
and other characteristics of the vehicle. Those assumptions will resurface starting in section 3.5,

when the specific aircraft configuration and its features are introduced.

3.3.1. Translational dynamics

From classical mechanics, the derivative of momentum of the mass element dm in the inertial
frame is equal to the resultant forces [74]. It is assumed that the inertial frame is the Earth
system, and that the center of gravity can shift from its original position coincidental with the

body coordinate system origin. The body is also assumed rigid.

(3.3.1)

Figure 3.3. Definition of center of gravity and mass element in regards to body frame [67].
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Relating to figure 3.1, where the center of the body frame is the center of gravity, an arbitrary
mass element dm is at a distance from the coordinate system center r. As the center of gravity

moves as in figure 3.3, the position of the mass element in regards to body frame origin is

r =19+ Ar (3.3.2)

where Ar defines the new position of the center of gravity, and rq - the distance of the mass

element from the new center. The velocity of the mass element is

V=vgt+wXT (3.3.3)

where vg is the body frame origin velocity as observed from the inertial frame, and w 1is
the body angular speed. Substituting above equation into equation 3.3.1, and summing over all

mass elements that constitute the body

Z %(57}1’00 + w X (0mrg + dmAr))|; = F (3.3.4)

Taking into account the definition of the center of gravity

> dmrg =0 (3.3.5)

> dmwg = muy (3.3.6)

Differentiating equation 3.3.4 following the rule that the derivative taken in an inertial frame
is equal to X|; = X|p + w x X|p. The index of the body frame as in X|p in the following

equations has been omitted

Mg +w X Ar +w x Ar +w X (vg+w x Ar) = F (3.3.7)

Following assumption that the body is rigid,

Ar =0 (3.3.8)

Equation 3.3.4 becomes
mup +w X Ar +w X (vg + w X Ar) = F (3.3.9)
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Where the vector variables are vg = [u,v,w]’, w = [p,q,r]", Ar = [Az, Ay, Az]", and

F=[X,Y, 7.

3.3.2. Rotational dynamics

The rotational dynamics are a result of employing the conservation of angular momentum

principle [40]. According to it, the external moments acting on the body are

OM = dmr x v|; (3.3.10)

The angular momentum of mass element dm can be written as

sm(r x v) = 6H (3.3.11)

Putting equations 3.3.2 and 3.3.3 into the above

mATr X vy + Z('r X (wxr))om=H (3.3.12)

Integrating » (7 X (w x ))dm in 3D in the body coordinate system, equation 3.3.12 can

then be expressed as

mAr X vg + Ipw = H (3.3.13)
where
[y*+22dm [ —zydm [xzdm L, —1I, —I.
Ip=| [—azydm [2*+22dm [ —yzdm | = |-IL, I, —I. (3.3.14)
[ —zzdm [—yzdm  [2*+y*dm —I., —1I,. 1.

is the inertia matrix of the rigid body. Taking the derivative of the angular momentum in the

inertial frame as in equation 3.3.11

H|;=H|gp+wxH (3.3.15)

H|; =) (Fxv+7x0)Im (3.3.16)

Substituting equation 3.3.10
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H|; =) (#lr x v)om+ M (3.3.17)

The derivative of 7|; is

Plr=rlptwxr=wxr (3.3.18)

Therefore, equation 3.3.17 becomes

H|; =) ((wx7r)xv)dm+M (3.3.19)

Taking into account 3.3.3 and noticing that the sum of the products of element masses dm
and their positions in regards to the body frame origin r is the same as the total mass of the body

in the center of gravity (figure 3.3)

Z rom = mAr (3.3.20)

The final equation presented in the body frame that governs the rotational motion of the rigid

body is

M = Ipw + mAr X ¥g + w X [pw + mw X (Ar X vg) + mvg X (w x Ar) (3.3.21)

where M = [L, M, N|T.

3.4. Complete ODE system

The vector equations derived in previous sections can be presented as a set of scalar equations

of the form
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X =m(i+ qu — rv) — S.(¢* +r?) = S, (* — pq) + S-(¢ + pr) (3.4.1)

Y =m(0 4+ ru — pw) + Si(F + pq) — S, (p* +r*) — S.(p + qr) (3.4.2)
Z =m( + pv — qu) — Sy (¢ — pr) + S,(p + qr) — S.(¢* + p°) (3.4.3)
L :[zp - ([y - [z)qr - [xy(q - pr) - [xz(r +pQ> (344)

— I.(¢* —7*) + S, (w0 + vp — uq) + S.(pw — ur — o)

M =IyG— (I, — L)rp — Ly(p + qr) — L2(* — pq) — L= (r* — p°) (3.4.5)

— Sy(w +vp — ug) + S:(i — vr + qw)
N =Lr— (Iz - ]y)pq - ]yz(q —l—p?”) - Izz(p + TQ) - ]azy(p2 - q2) (346)

+ 5:(0v — pw + ru) — Sy (4 — rv — qw)
where S, = mAz, S, = mAy, S, = mAz. In this thesis some further assumptions are
taken, namely that the center of gravity does not move during simulation and is coincident with
the body frame origin, therefore S, = S, = S, = 0. Moreover, the aircraft’s  — 2 plane is a

plane of symmetry, therefore I, = I, = 0. Full dynamic equations after including the above

assumptions are

X =m(u+ qu — rv) (3.4.7)
Y =m(d + ru — pw) (3.4.8)
Z =m(w + pv — qu) (3.4.9)
L=Lp— (I, — L)gr — L.(¢ + pg) (34.10)
M =I,G— (I. — I)rp — L.(r* = p*) (3.4.11)
N =Lt — (I, — I)pq — L(p + 7q) (3.4.12)

And full kinematic relations are
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b = p+ qsing tand + r cos¢ tand
0 = qcosp — r singd
/172} pu—

T = ucos cosy) + v (sing sinf cosy) — cos¢ sinh)+

qcosp + 1 cosp
cosb

+ w (sing sinf costh — cose siny)
Y = ucosh sin 4+ v (cos¢ cosh + sing sinb siny)+
+ w (cos sinb siny — sing cosy))

2 = —u sinf cosy + v sing cosl + w coso cost

(3.4.13)
(3.4.14)

(3.4.15)

(3.4.16)

(3.4.17)

(3.4.18)

The next step in the derivation of the equations is to calculate the force and moment vector

Q = [X,Y,Z, L, M,N]T. The assumptions for the derivation of aerodynamic and propulsive

forces is that the forces do not depend on time or on force history, and that the forces and mo-

ments are modeled based on numerical (aerodynamics) and experimental (propulsion) results.

3.5. Forces and moments

The forces and moments that act on the aircraft body are:

e Fp,and Mp, - Aerodynamic forces and moments about the center of mass in body frame

e Fpr and Mpr - Propulsive forces and moments about the center of mass in body frame

e Fp - Gravity force in the body frame

e Mpey - Engine gyroscopic moments about the center of mass in body frame

The full force and moment vectors are therefore

F = Fpa + Fpr + Fpg

M = Mpgs + Mgt + Mgy

3.5.1. Gravity force

(3.5.1)
(3.5.2)

The gravity force acts along the Earth system’s z axis, and can be written in Body system as

Fpe = Cp/g[0,0,mg])"
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Expanding the above yields

Xa —mg sinf
Fpg = | Y | = | mgcosf sing (3.54)
Za mg cosf coso

3.5.2. Aerodynamic forces and moments

The aerodynamic forces and moments are modeled in this thesis in the range of —90° < a <
90° and —90° < 8 < 90°. By doing so, the model is expected to capture well the behavior of the
aircraft moving forward, to both sides, upwards and downwards. The only region not modeled
is the air flowing from the back of the aircraft, but it is not needed for the analyses in this thesis.
The dynamic pressure is

1

q= va; (3.5.5)

The aerodynamic forces and moments in body frame are

Xa
FBA = YA

MBA: MA

qSC;
qgSC,
qSC,

(3.5.6)

e

chCm (357)

gSbC.,

And the aerodynamic coefficients in the above equations, presented in body frame using

() = Cyw - (-)y are shown below. This transformation is not shown here, it was performed

by the CFD software and confirmed by the author of this thesis to be correct
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.= o) %o, 1 12 059
Cy = Cy(a, B) + 2—%% + i%ér + (il%’ 21;[:0 + ci% 2@1 (3.5.9)
C,=C.(a, ) + Cfg:ée + Cfgg—: (3.5.10)
szCz(a,ﬁ)+%5a+§—gér+%%+%% (3.5.11)
o= Culon )+ 5, 4 10n 2 asi
Cn=Ch(a,B) + @&L + dc”a + dCn Pb | dCy R (3.5.13)

o, w Tt ap v, T AR 2

Parameters dependent on « and 3: C' («, ) are nonlinear functions, and the rest of the
equation represents linear functions. Aerodynamic moments are calculated with respect to the
center of gravity.

Aerodynamic forces and moments are represented in the body coordinate system. The con-
vention of aerodynamic control surface deflection is described next. A positive elevator deflec-
tion is downward and results in a nose-down moment (negative rotation around yp axis). A
positive rudder deflection is to the left of the aircraft and causes a yawing moment to the left
(negative rotation around 2 axis), and a positive right aileron deflection is downward, while left
aileron - upward and together they cause a rolling moment to the left (negative rotation around

T axis).

3.5.3. Propulsive forces and moments

This section describes the mathematical modeling of a VTOL propulsion system consisting
of 8 vertical propellers and one pusher propeller. The eight vertical propellers are mounted in
4 coaxial pairs, where one in the pair rotates clockwise while the other counter-clockwise. To
be precise as to the name of the vehicle, the presented aircraft can be also coined an octo plane,
however it was decided to leave the quad-plane name as it is more familiar in the field.

Figure 3.4 shows the geometry of the propulsion systems and the coordinate systems used
in the analysis. The geometry shown in the figure relates only to the top propellers. The axis of
each of the vertical propellers is inclined towards the center of the aircraft. The top propellers
are inclined toward a point over the aircraft, while the bottom propellers are inclined toward
a point below the aircraft (not shown in the figure for lack of space). The pusher propeller is

inclined toward the bottom of the vehicle in the general case that is described below. In the case
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of the selected quad-plane, the motor was not at an incidence, however it is presented here for
completeness. As the number of the propellers on the quad-plane is quite large, a numbering
scheme had to be introduced for clarity. In figure 3.5, a convention used for vertical propellers’

numbering can be seen. The number over the aircraft relates to the propellers that are mounted

on top of the tail boom, and the numbers below refer to the propellers mounted on the bottom.

Figure 3.4. Propulsion system geometry. Propeller coordinate systems.

Vertical i-motor specific coordinate system (O,, Yy, 2y,;) 15 as follows: z, axis in line
with motor shaft toward the bottom of the vehicle, z,, axis toward the front of the vehicle
at 0,, incidence angle, v,,; axis toward the right wing at ¢,, angle. In the figure, the angle ¢
is a compound angle of 0,, and ¢,,. In this coordinate system, the propeller thrust force is
F.,, propeller drag is I, side force is I, propeller shaft torque is M, and the estimated
pitching moment contribution that this propeller causes on the aircraft is M,,. More on this
contribution can be found in section 4.3.2. Finally, the M, is the rolling moment contribution
of the propellers. Such a coordinate system was chosen as it was more consistent with the drive
model developed on the basis of wind tunnel tests.

Pusher motor specific coordinate system (O,, %,y 2m) 18 presented next: x,, axis in line

with motor shaft toward the front of the vehicle, z,, axis toward the bottom of the vehicle with
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0., angle, y,, axis coincident with yp aircraft axis. In this coordinate system, similar forces and
moments can be written, however the only nonzero will be the pusher propeller thrust force £,

and propeller shaft torque M, .

Figure 3.5. Convention for numbering the motors and propellers in the model.

To transform the i-th motor-specific coordinate system, first, the system is rotated so that
the axes are in the same direction as the axes of the body frame. Then, in a later part of this
section, the system is translated to the body frame origin (center of gravity of the aircraft), and
the forces and moments from each propeller are summed.

Rotation from vertical i-motor to the body frame axes directions (no translation) describes
the following DCM. The matrix is composed of two rotations: the first rotation around yp axis

brings z,, toward zp, and the second rotation around x5 axis brings y,,; toward yz.

1 0 0 cost,, 0 —sinb,,
Cjv, = CB/% CB/OUZ. = |0 cosp,, —sing,, 0 1 0 =
0 sing,, coso, sin,, 0 cosl,,
cosb,, 0 —sinb,,

= | —sing,, sinb,, cosp,, —sin,, cosd,, | (3.5.14)

coSQy, sinb,,  sing,,  cosp,, cosb,,
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And the inverse, i.e., the backward transformation from the body frame to the i-th motor

coordinate system can be derived using the orthogonality of the matrix as in

cosl,, —sing,, sinb,, coso,, sinb,,
Cy,/B = 0 COSQy, Sing,, (3.5.15)
—sind,, —sing,, cost,, coso,, cosb,,

The transformation from the propeller system at bending angles a,. and a;, (refer to section
2.5) to the motor system is omitted. The vertical i-motor force vector in v; frame is T5,; =
[Fy,, F,,, F.,]". The drag component cannot be omitted, as this propeller operates in tangential
flow. The magnitude of the drag force is expected to be dependent on angle of attack of the
vehicle and the forward speed. The side force is assumed small for the expected small values of
sideslip angle, therefore it is assumed zero. The moment vector is M,; = [M,,, M,,,, M, s;|".
Here, the vector components are the pitching moment effect and the propeller shaft torque.
The rolling moment is omitted for the same reason as the side force. Variable s; determines if
vertical propeller torque is positive or negative depending on whether the motor has a clockwise
or counter-clockwise rotation. The pitching moment here is placed artificially to account for
the effect of the whole propulsion system. On the tail boom, as was seen in the wind tunnel
and described here in propeller theory, for a quad-plane, the rear propellers operate in different
conditions, giving rise to pitching moments. The hinge moments from the propeller bending in
x and y axes are omitted, as well as torque vector deflection due to propeller plane bending, for
having a very small impact. Moreover, the effect of uneven conditions at right and left propellers
is not considered here, as the side speeds simulated in this thesis are very small. Nevertheless,
even though some forces and moments are expected to be small, they are still left here for
completeness. These vectors in body frame axes directions are respectively Tgy; = Cp /v, Tvi

and Mp,; = CB/UZ-M'M'-

cosb,, 0 —5inb,, F,,
Tgvi = | —sing,, sinb,, cosg,, —sing,, cosby, | | Fy, (3.5.16)
cospy, sinb,,  sing,,  cosp,, cosl,, i
cosb,, 0 —5inb,, M,,
Mpgyi = | —sing,, sinf,, cos¢,, —sing,, cosl, M,, (3.5.17)
cospy, sinb,,  sing,,  cosd,, cosl,, M,,s;
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Rotation from pusher motor coordinate system to the body frame axes directions describes

the following DCM matrix

cosf,, 0 —sind,,
Cem=1 0 1 0 (3.5.18)
sinb,, 0 cosb,,

The different formulation than for the vertical propulsion was used here to highlight the
different attitude of the motor. The same result would be aqcuired by using equation 3.5.14
and 3.5.15 with different values for motor attitude angles. The pusher propeller force vector
in m frame is T,,, = [F,,,0,0]”. Here, the "drag” and the side force” of the propeller are
omitted due to the fact that the propeller operates mostly in axial flow. The moment vector is

M,, = [M,,,,0,0]" being composed only of the motor shaft torque. These vectors in body

frame axes directions are Tgn, = Cp/mTm and Mgy, = Cp/yMpy,.

costy, 0 —sinb,| |F., F,  cosb,,
Tem = 0 1 0 0| = 0 (3.5.19)
sinb,, 0 cosb,, 0 F,  sinf,
cosl,, 0 —sinby, | | M, M, cosO,,
Mg, = 0 1 0 0 = 0 (3.5.20)
sind,, 0 cosb,, 0 M, sinb,,
The total propulsion contribution to body frame forces is
8
Fr=Tpm+ Y Tpui (3.5.21)

i=1

Each of the propellers also causes a contribution to the body frame moment vector due to the
torque of each propeller and for the fact that each propeller is situated at a distance from aircraft

centre of mass. These contributions can be summarized as

8
MB’F =Ty X TBm -+ Z’I‘m; X TBvi; (3522)

=1

My = Mpy, + Mpyi + Mp,, (3.5.23)
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where vertical i-motor force arm is T; = [Tyi, Yui, 20i] and pusher motor force arm is
Tm = [Tm, Ym, zm]T. The distances are measured from aircraft centre of mass to each motor’s
coordinate system origin in all axes.

The above equations describe the full transformation from the 9 motor specific (8 vertical
and 1 pusher) coordinate systems to the body frame. The transformation consists of a rotation

by the motor attitude angles and the translation to the body frame origin (center of gravity).

3.5.4. Effect of aircraft rotation rate on the propellers

The effect of rigid body rotation has to be taken into account, because the propeller force and
moment model, developed in later sections, is dependent on the airspeed and air inflow angles at
the propeller. This additional linear velocity at a component is also considered in aerodynamic
coefficients, but there, the relationship is linear. In the propulsion system, the relationship to
propulsive forces and moments cannot be considered linear. When aircraft has a rotation rate,
the velocity at the propeller has a component due to the rotation. The total velocity at the i-th

propeller is therefore

Vi=|V;| =Cup(VB+wp x7;)) =Cyup |V + 2P —xz;R (3.5.24)
W; W+ 2,Q — y P

3.5.5. Propulsive system gyroscopic moments

The nine rotating propellers on the aircraft are expected to give rise to additional moments on
the body frame. The magnitude of these moments for this specific aircraft is expected to be small
due to very low masses and moments of inertia of the rotating elements in comparison to the
aircraft weight, however it is worth to perform the derivation as on larger aircraft or vehicles that
have heavier motors and larger propellers, this effect can be significant. To find the additional
moment arising from the rotating bodies, the angular momentum of these devices can be added

to the total angular momentum of the aircraft from equation ?? as in

w=1Ip""(M —wp/r x (Igwg/r + hr)) (3.5.25)

where the vector h is the total angular momentum of the motors and propellers. From that,

rearranging the components, the additional moment acting on the aircraft is
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MGY = —wpB/1 X hT (3526)

The angular momentum of the engines h7 is a sum of angular momentum of all engines. The
engine angular momentum vector can be transformed to the aircraft body frame as in equation

3.5.27.

8 8
hr = Cpmhr,, + Y Cppibr, = hp, + > _ hrg,, (3.5.27)
i=1 i=1

As stated in the previous section, the vertical engine coordinate system (Oz,, ., 2»,) has been
chosen so that the z,; axis is in line with the vertical engine shaft, pointing toward the bottom
of the vehicle. The engine and propeller can be modelled as a axisymmetric body. Again the
s variable is present in the equation below, that takes —1 or 1 depending on the direction of
rotation of the propeller. The value of the variable ensures that each vertical propeller’s angular

momentum has the correct sign with respect to engine coordinate system.

Ime 0 0
hr, = I, wm =1 0 ITmy 0 0 (3.5.28)
0 ]Tmz O
ITU'L':E
hr,, = I, wyisi = | 0 JTWJ S (3.5.29)
0 [Tvzz
The angular momentum can therefore be written as
hr,, = [Irmewm, 0,0]" = [Irmwm, 0,0]" (3.5.30)
h’Tm' - [07 07 ]Tvizwvisi]T = [O, 07 Ivam‘Si]T (353 1)
And the horizontal and vertical propulsion angular momentum are respectively
cos,, 0 —sinb,,| |Irmwn
hpm = 0 1 0 0 (3.5.32)

sinb,, 0 cosb,, 0
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cosb,, 0 —sinb,, 0
hpvi = | —sing,, sinf,, cosg,, —sind,, cosb,, 0 (3.5.33)
coSQy, sinb,,  sing,, cosp,, cosb,, I7ywy;Si
Recalling equations 3.5.27 and 3.5.26, the final angular momentum and gyroscopic moment

arc

8
thz + Z thviz
th =1

8
hr = |hpy| = |hsm, + > B, (3.5.34)
=1

8
hBm, + Z hBui,
i—1

0 —-R Q hrg —Rhpy + Qhr,
Mgy =|R 0 -P| |hr,| = | Rhry— Phr, (3.5.35)
—Q P 0| |hys —Qhry + Phry

3.6. Simulation

The simulation model has been prepared in MATLAB, Simulink. It is based on the Flight
Dynamics and Control Toolbox [ 116] with additional modules created by the author of this thesis
to describe the example aircraft chosen for this thesis. The reason to use the toolbox is to avoid
the cumbersome work of implementing the equations of motion to Simulink. The toolbox is
enhanced with custom control vector and custom outputs to suit the needs of this thesis. The

state and control vectors of the 6 degree-of-freedom rigid body model are

X = I:VOO7a’ /8’ P7 Q’ R7 ¢’ 0’ ¢’ x@?y@? H]T (3.6.1)

U - [667 6&7 57“7 Tols Tv2y Tod, Tvd, Tvsy Twes ToT) Tuss Tmy Uw, Vw, Ww, u.'un UI’LU? ww]T (362)
With the motor dynamics included in the model, the state equation is expanded with motor
throttle state

X = [VooaoéaﬁuP7Q7R7¢767w7x67y67H7 uvl;uv27u'u3;uv47uv57uv67uv77uv87um]T (363)
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For each of the positions in the state vector, a state equation has been written in the preceding
sections. Those equations are dependent on the inputs from the control vector. As for the state
equations for motor dynamics, they are presented in section 4.

Besides the full model shown above, interesting in the context of this thesis is the longitudinal
3 degree of freedom model. The 3 degree-of-freedom model has been implemented in MAT-
LAB, beside Simulink to accelerate the trajectory calculations and make use of fast MATLAB

vector operations, instead of slower Simulink alternative. The control and state vectors are

XLONG = [Vooa «, Q> 97 Le, H]T

T
ULONG = [567 Tvly Tw2y Twd, Tvds Tvss Tv6s TuT, Tv, Tm]

Taking further simplifications can be assumed 7,1 = 7,2 = T,3 = T,a = 7y - all engines
mounted in the front of the aircraft operate with the same input, as well as all engines in the rear:

Tvs = Tu6 = Tu7 = Tps = Tr. Lhe control vector reduces to

ULONG = [5& Tfy Tr, Tm]T (364)

XLONG = [VooaaaQ797I€7H]T (365)

The above 3 degree of freedom statement will be used for optimal trajectory considerations.
The full 6 degree of freedom model provides redundant data that is not needed to calculate the
optimal trajectory in the © — z plane. The lateral effects omitted while calculating the optimal
trajectories are taken into account in the trajectory tracking system and 6 degree of freedom

nonlinear simulation.

3.7. Equilibrium points and aircraft trim

Equilibrium points in the aircraft flight are the values of the state and control vectors for
which the aircraft is subject to no accelerations. A conventional aircraft has many trim points
inside the allowed flight envelope. In the case of a VTOL, or any other unconventional con-
figuration, the envelope can be wider. Also, between various trim conditions, not only the
values of the control change but also the type of used control device can be different. In the
case of a VTOL aircraft, the forward flight uses aerodynamic surfaces and horizontal propul-

sion, while in the hover, the deflected surfaces are not effective, and all control is achieved
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with vertical propulsion. In transition phase, all of the control devices can be used. In the
analysis of a VTOL aircraft, the interesting steady-state conditions in a forward flight mode are
the wings-level flight, turning flight, pull-up, and roll, while in hovering flight, they are hover,
ascent, descent, and other. The derived equilibrium points will be used as a definition of the

initial and final state for the transition phase. In general, for steady-state conditions:

US - [611,5'7 5657 57’.5'7 Tv1S, Tw2S s Tv3S) TvdS, TvsS ) TweS; Tv7Sy Tw8S, TmS]T (37 1)
XS - [V007a767p7q7r7 ¢76>¢7$E79E7H]T (372)
X5 =10,0,0,0,0,0,0,0,%, x5, yp, H)" (3.7.3)

Moreover, depending on the condition, the following state variables are also zero

e wings-level flight ¢, gﬁh 9, 1/1 =0

e turning flight ¢, 0 = 0

e pull-up ¢, =0

e rollf,y=0

e copter flight p, q, 7, $,0,0 =0

o hover ¢, ¢, p,q, 7, $,0,, 25, yz, H =0

e ascent ¢, 1, p,q,r, b, 9,¢,y'E =0;H >0
e descent ¢,9,p,q,r, .0, 1/1,y'E =0;H <0

3.7.1. Fixed Wing trim

The constants needed to evaluate vector Ugg are selected flight speed V., selected flight
altitude H, selected vertical thrust 7;, which correspond to a PWM setting of each motor to
ensure equilibrium, selected flight path angle v and heading 7). The variables to be evaluated to
ensure steady-state flight are angle of attack «, sideslip angle /3, aecrodynamic surface deflections
045, 0cs, 05, motors’ control input (PWM) | 7,15, Tvos, Tvsss ToaSs TusS>Tu6S>To7SsTvsSs Tms- Lhe

trimming algorithm must calculate the following variables: «, 3, d¢, a4, Ory Tin-

3.7.2. Copter trim

Steady-state copter flight consists of flight with constant velocity with no accelerations. A
copter can hover, ascend, descend, fly to the sides in plane of hover. Interesting velocity is the

velocity in relation to Earth. Variables to be adjusted by the trim algorithm are o, 3, 7,1, Tv2,

Tv3s Tvds Tvss Tv6s TuTs Tvs-
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A constraint for 6, ¢ and 1) must also be included to ensure a specified rate of ascent H and
rate of forward and side movement zz and yr. The equations below are an expanded form of

3.2.1 with the wind components included.

rr = (u'cost + (V'sing + w'cosd)sinb)cosyp — (v'cosp — w'sing)sina) (3.7.4)
yr = (u'cosl + (V'sing + w'cosp)sind)siny + (v'cosp — w'sing)cosy (3.7.5)
H = u'sinf — (v'sing + w'cos¢)cosb (3.7.6)

where the variables v/, v/, w’ in the above equation expand to

U = U+ Uy = Vogcosacos3 + uy,
V' =0+ vy = Vaosin + vy,

w = w + Wy, = VaesinacosS + wy,

and they are the body velocity components with wind, H is the rate of ascent, and = and
yg are vehicle speed components in relation to Earth. Due to the complicated nature of the
equations and difficulties in calculating, for the purposes of this analysis, it was assumed that ¢,
1 and [ were zero. Hovewer, in this case, the model can only be used for longitudinal motion,

which is nevertheless sufficient for the purposes of this thesis. Then, equations reduce to

¥ = (Vaocosa + uy,)cosh + (Voo sina + wy,) sind (3.7.7)
YE = Uy (3.7.8)
H = (Vaocosa + ) sind — (Vagsina + wy, )cost (3.7.9)
Voo = \/:c'E2 + g + H? (3.7.10)
Solving for ¢
arg — bH
0 = acos (m) (3711)
4w (3.7.12)
a = cosa + — 7.
Ve
w
b=si = 3.7.13
sino + V. ( )
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The above equations can be used to analyze trim in longitudinal copter motion in the presence
of wind. In a simplified case with no wind, the constraint on the pitch angle 6 in vertical motion

equilibrium becomes

0 = acos (xECOSQV_ Hszna) (3.7.14)

3.7.3. Trimming algorithm

In each mode, the goal of the algorithm is to find the sought equilibrium states so that
for a specified steady-state mode (horizontal flight, turning flight, hover etc.) and selected
constants and parameters, the performance index is minimized. One way, commonly used in
flight mechanics is to solve a system of six equations with six sought variables. The equations
of motion in ?? are linearized for specified aircraft state and the left hand side is set to zero
to remove accelerations and provide steady state. The system is then solved to find control
inputs and aerodynamic angles that allow the system to stay in equilibrium. The problem of
trimming for an aircraft in this thesis, especially in the copter phase is more complicated, as
the problem includes lookup tables in some equations and additional constraining equations,
therefore a different approach was taken. The approach is based on a concept presented in
[117], [134]. The idea assumes to utilize optimization to find steady state by minimizing the

following objective.

J = Vg + ocv + 38 + cap + 5 + coT (3.7.15)

Coefficients c; to cg can be chosen arbitralily to ensure weighted parameters c;2; be of the
same order of magnitude in relation to each other (each parameter given the same treatment dur-
ing minimization). The objective is minimized to obtain accelerations as close to zero as possible
for the stated problem [117], [134]. To find minimum of the function .J, a MATLAB constrained,
nonlinear optimization routine fimincon for multivariable functions was used. Solver used in the
routine was the interior-point method (default of the routine). Solution tolerance was 10710,
constrain tolerance was 1075, maximum number of iterations was 5000 and maximum number
of function evaluation 3000. On top of the dynamic equation constraints, additional constraints

for optimization were
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0< PWM,; <1,where:=1,2,....8,m
—T<a<T

—m/2< B <7/2

At first, while choosing the PWM inputs for vertical motors, the algorithm sometimes chose
very different values of PWM between top and bottom propellers, which is unacceptable from
the point of view of coaxial propeller operation. Therefore, additional constraints for motors’
control input PWM were introduced. The constraints also ensure similar rotation speeds of top

and bottom propellers.

’7'2 —7'1‘ <d7-
|7'4 —T3| <dT
’7—6 —T5| <dT

’Tg — T7| <d7—

where d. is a specified difference between top and bottom PWM control inputs. Expressing

d, in terms of difference in top and bottom propeller shaft speeds:

d, = 0,963d,

The equilibrium conditions can be used as a operating points for linearization of equations.
This procedure is invaluable in linear control design and in frequency analysis of dynamic

system.

3.8. Linearization

The aircraft model described in this thesis is nonlinear. Therefore, to be able to use the
linear control design methods, it is valuable to linearize it in a selected flight condition. In the
vicinity of the selected point, the linear model is consistent with the nonlinear model without
large errors. The further away from the point in regards to nonlinear variables, the larger the

errors of the linearized model. The goal of linearization is to obtain a model of the form
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x = Ax + Bu (3.8.1)
y=Cx+ Du (3.8.2)
(3.8.3)

where x is a n X 1 state vector, @ is the derivative of the state vector (n x 1), yisak x 1
output vector, u is a m X 1 control vector, A is the n x n state matrix, B is the n x m control
matrix, C'is the £ X n output matrix and D is k x m is the control output matrix.

Let f(x,xz,u) = 0 be an implicit nonlinear ordinary differential equation. Taking the
Taylor series expansion at the trim point (denoted by subscript 0) and neglecting higher then

first order terms can be written

: of . Of of
=— A = A | Au=0 3.8.4
F@ @) = 55| A% T 35| AT Gu| AU (3-8.4)
All the terms with derivatives % (n x n), % (n x n), % (n x m) are Jacobians, defined in
general as
[on  on of |
ovq Ova "7 Ovp
of2 Of2 of2
ov : oo
Ofn  Ofn Ofn
| Ov1 Ove 77 Ovp |

where v is an example vector with size p x 1, and f is an x 1 vector of functions.
Rearranging equation 3.8.4 by moving « to the left side, and performing the same idea as

above to output y(x, u) equations become

Az = AAx + BAu
(3.8.6)
Ay = CAzx + DAu

Notation A symbolizes small deviations from the trim point, and highlights the fact, that this
model is only valid in the close vicinity of the trim point for which the linearization was per-
formed. To expand the analysis to a wider set of conditions, equations can be linearized around
many specified trim points and interpolated, or around trim points that belong to a specified tra-
jectory, yielding a time-variant linear system valid in the vicinity of the trajectory. Linearization
in MATLAB is performed by a Linmod routine which is based on a Taylor series expansion and

calculations of Jacobian matrices.
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3.9. Energy of flight

The last part of the derivation of the numerical model is the power and energy needed for
the vehicle. These quantities will be used in deriving the optimal trajectory from the point of
view of minimizing the energy in the transition phase. Power needed in flight of a VTOL can be
expressed as a sum of induced, profile and parasitic power. Induced power is the power needed
to create a downwash throught the propeller, the profile power is the power needed to overcome
profile drag of the propeller, and parasitic power is the power needed to overcome drag of the
vehicle in motion. The first two components are dependent on the propeller geometry, and all
of the components are dependent on inflow field and wake characteristics. Proper estimation
of propeller power is therefore not an easy task, as many variables in the equations might be
unknown or difficult to calculate. Nevertheless, this thesis is not focused on finding the exact
power relation of the quad-plane, and instead, the approximated power will be used as a compar-
ative value between trajectories and control system solutions. Power of the propellers has been
derived according to the simple actuator disk theory in axial and tangential flight. According to

[19], the power in climbing axial flight can be expressed as

P=T(v.+ v) (3.9.1)

where T is thrust of the disc, v, is the climb speed, and v; is the induced speed. In case of a
9-propeller quad-plane
8

=1

The induced speed in hovering flight is

T
Vo= 4 /2p_A (3.9.3)

According to figure 2.8, the function shown in the graph is

= o= f(Vey) (3.9.4)

The propeller also needs power to overcome profile drag across the blade. Writing the drag
of the blade element and integrating along the propeller span with the assumption that chord and

section drag coefficients are constant, the total profile drag power can be expressed as [118]
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1
P = gchCDw3R4 (3.9.5)

where c is the chord constant along the span, C is the constant profile drag coefficient, N
is the number of blades, w is the shaft rotation speed, and R is the propeller radius. Writing ex-
plicitly the components that constitute the total propeller power - the induced power P;, parasitic

(climbing) power P, and profile power P, are

73/2 73/2

Z\/sz (V12 + Ui2) + \/zl)Tf(\/wm2+v;n2) (3.9.6)

P.= Z Tiwy; + T, (397)

i=1

1
—pCCpmw? D (3.9.8)

3 M4
P Z 64pcmCme D 64

The airspeed components of each of the propellers can be written in i-th propeller-specific
coordinate system as [, U w,,|T = C,, 5V for the pusher motor, and [UyiVyiWyi] T = Clys /BUB
for the hovering motors. Finally, the total energy consumed in the transition phase can be

expressed as

173
E = / (P;+P.+ P,) dt (3.9.9)

to

to symbolizes start of the transition phase, where the vehicle is in hover at a specified height,

and ¢, - end of transition where the vehicle has reached the stall speed and is in horizontal motion.
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4. Description of the test aircraft

The chosen aircraft is a VTOL hybrid configuration (combined fixed wing and copter), or in
other words a quad-plane. For vertical motion, it uses eight 19 inch propellers mounted in four
coaxial pairs. For horizontal motion, a single 20 inch pushing propeller is used. Both propulsive
systems are electric for the purposes of this thesis, although the described quad-plane has been
built also in a hybrid-electric version (vertical propulsion electric and horizontal propulsion
using a piston engine). Furthermore, the aircraft has conventional aerodynamic control surfaces:
ailerons, elevator and a rudder. In table 4.1 are shown basic technical parameters of the aircraft.

A synthesis of the quad-plane layout can be found in [50].

Mass m 25 kg
Wingspan b 35 m
Wing surface S 1.2 m?

Mean Aerodynamic Chord cpac 0.351 m

Table 4.1. Basic geometric data of the aircraft

In the following sections, the quad-plane is described in more detail, and the numerical model
developed in the previous chapter will be expanded to reproduce the parameters and behavior

of the selected aircraft.

4.1. Geometry description

The aircraft has been designed to maintain a uniform operation between front and rear pro-
pellers, therefore the aircraft center of mass is placed exactly in between the vertical motors:
vy, = 96.8%carac. Aerodynamic characteristic are expressed for the full aircraft about the
same point. Figures 4.2 and 4.3 shows the position of gravity center and the most important

geometric dimensions.
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Figure 4.1. Side view of the quad-plane
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Figure 4.2. Side view of the quad-plane with dimensions related to center of mass (36.8% of MAC).
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Figure 4.3. Top view of the quad-plane

The front and rear vertical motors are in relation to the centre of mass are: x,, = 0.5475m,

Ty, = 0.5475m, where z,,, is the distance of front propellers to aircraft CG, and xy,, is the
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distance of rear propellers to aircraft CG. The distance in y axis is y,, = ¥Y,, = +0.5m
(positive for propellers on the right of aircraft, and negative for propellers on the left). The
vertical z axis distance is z,,, = 2,,, = —0.1024m. As for the distance of the pusher propeller:
zp = —0.6126m, yp =0, zp = —0.028m.

The aircraft has a plane of symmetry, therefore the inertia matrix has a simplified form shown
in equation 4.1.1. The values in the matrix have been calculated in prior studies, and the result is
reproduced here. Moments of inertia with respect to the shaft axis of vertical motor and propeller
is Iy, = 1,65-107*, and of the pusher motor and propeller is I, = 1,43 -10~2. The moments
of inertia of the propulsion system were approximated to be a cylinder (motor) and a rotating

rod with the length of the propeller.

8, 8488 0 —1,7198
Ip = 0 7,7575 0 (4.1.1)
—1,7198 0 13,3231

4.2. Aerodynamic characteristics

The aerodynamic properties of the vehicle have been computed in prior analyzes [50] using
two CFD methods - inviscid, potential panel method implemented in PANUKL [49] software
and the viscous equations implemented in MGAERO [92] software. The coefficients were
evaluated for the quad-plane for angle ranges of +-90° for angle of attack and +90° for sideslip
angle. Therefore, the model is expected to properly describe the aerodynamics of forward or
side motion of the vehicle. This assumption is enough for calculations performed in this thesis
that follow. Side speeds considered here are expected to be small, however at low flight speeds
like at the beginning of the transition phase, the sideslip angles can reach higher values than at
the end of transition. This assumption will be tested in simulation.

One more remark has to be mentioned, that is important for the aerodynamic coefficients and
in later sections - to model the propulsion system. It is customary to use tabular data in modeling
aircraft forces and moments and other parameters, in opposition to using analytical, continuous
functions. Not all coefficients are suitable to be presented as for example polynomial functions,
or may prove to be too cumbersome in cases with large data sets. However, such approach,
although easy, has a drawback. Numerical integration requires continuous and differentiable
functions, and linearly interpolated tabular data may not possess those characteristics, and may

cause errors in gradient calculations. Therefore, it is desirable that lookup table data be presented
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as smooth, differentiable functions [11]. All tabular data presented in this thesis are interpolated
using splines to eliminate discontinuities between the grid points.

The aerodynamics of the quad-plane are modeled as coefficients calculated for the whole
body with no distinction into parts. Another method that is sometimes used is to split the
aircraft into simpler bodies for which coefficients are evaluated. However, in this method, the
information on interference between bodies can be lost. It was decided to use the first method,
as it was acquired with CFD methods. The origin for moments was the center of gravity. The
aerodynamics characteristics are shown in figure 4.4 (presented in the wind frame) and figure
4.5 (presented in the body frame). The effect of uneven flow across the body, as is the case in a
rotation is included as a linear model with derivatives. The linear model is only valid when the
linear speed that results from the rotation speed at a distance from the rotation center is not too
large. The limit is dependent on the angle of attack on the horizontal and vertical tails. Equation

below shows this dependency

‘/rot o WTyh
Voo o Vo

For example, in the case of pitching motion, the maximum allowable rotation rate is de-

4.2.1)

SINmazr =

pendent on the maximum angle of attack of the horizontal tail. Assuming the tail airfoil as
NACAO0012, its limiting angle of attack is about 12° [1]. Aerodynamic center of the horizontal
tail is 1.115 meters behind the center of gravity and the tail has no incidence. From that, the

relation of maximum influential pitching rate is

cQ 0.351 |
= = 12°) = 0.081 4.2.2
(Voo)max 1.1153271( ) = 0.0815 ( )

Beyond this value, the relation of aerodynamic coefficients with respect to body rotation
rate cannot be represented as a simple, linear model, and should instead be thoroughly tested.
Beyond this value, the horizontal and vertical tails are subject to aerodynamic stall, and their
impact on rotation rate damping changes. Unfortunately, such calculations were not performed
in this or in prior studies of the test quad-plane, and so a linear model is assumed throughout
the thesis. To back up this assumption it is noted that the forces and moments generated by
the tail are expected to be small in comparison to the abilities of the vertical propulsion system
during transition. The effect is worth researching in the future in a more detailed study, but is
omitted here. Similarly, the lateral coefficients with respect to rolling and yawing rates are not

analyzed in detail, and a linear characteristic based on the derivative value is assumed in the
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model. The values of the derivatives for the linear model are shown in table 4.2. Moreover, the
table presents aerodynamic control surface deflection to body force and moment coefficients,
also assumed linear and represented as derivative. The control surface deflections are in range

of -20° to 20°.

dee-0.0906

G 017811 F -0.01942
024364 G 0.16861
de= 00911 %= -0.1822
4 -0.60883 g -0.32320
e 0.00386 g 0.01493
den 93762 dm  -0.5383
$o 00253 = 0.01581
o 0.0764 % -0.05913

Table 4.2. Aerodynamic derivatives (origin in 36.8%)

In figures 4.4 are shown aerodynamic coefficients of the vehicle with respect to to two
variables - the angle of attack and the sideslip angle. The results are represented in the wind
frame. In figure 4.5 are shown the same coefficients transformed to the body frame as it is more
important from the point of view of this thesis. Finally, figure 4.6 shows the coefficients as a
surface map of two variables. The results have been obtained using the MGAERO software in

prior analyzes of the aircraft and interpolated by the author of this thesis.
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Below in figure 4.7 is shown a comparison of two CFD methods - inviscid, potential panel
method (PANUKL [107]) and Euler method (MGAERO [92]). As can be seen, for low angles
of attack, the results from the two methods are consistent, however the inviscid panel method is

unable to model the high angle of attack and sideslip nonlinear effects.
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4.3. Aircraft components modeling

The following section contains detailed mathematical models of the horizontal and vertical
propulsion. Two models are prepared for each component. One is a simple model based on
static results from a test bench of a singular motor propeller set. This approach only models the
thrust and torque of the propeller, as well as motor characteristic of input to rotation rate.

The second approach uses experimental data to model the forces of the propulsion in various
flight conditions such as different airspeeds, angles of attack and control input values. The
horizontal propeller forces are based on experimental data from the APC database [4]. As for
the vertical propulsion, the model is based on wind tunnel tests [110] performed for the selected
quad-plane tail-boom geometry and dimensions and the exact propellers that are used on the
aircraft. Additionally, a model for the dynamics of the motors is included in the form of a

first-order system with a time constant.

4.3.1. Horizontal flight propulsion

Horizontal motion is propelled by one motor-propeller pushing set placed in the rear of the
aircraft. Propeller diameter is D,, = 0.508m. In transition phase, this propeller operates mostly
in axial conditions, and is modeled like so. Therefore the axial advance ratio can be defined

with respect to aircraft state as

Viocosacos3

J =
Am N D,

(4.3.1)

Propeller thrust and power coefficients as function of the axial advance ratio are modeled
from the APC propeller database [4] and approximated with equations 4.3.2 and 4.3.3 and shown
in figure 4.8.

Crm(Ja,,) = —1.4395-107°J; +8.3781-107"Jyu,, +2.4623 - 107° (4.3.2)

Crm(Ja,) = —2.0592-107*JF +1.7765-10"*J4,, +1.5636 - 107* (4.3.3)
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Figure 4.8. Pusher propeller coefficients.

The coefficients are used in propeller thrust and torque equations, as per propeller theory,

according to equations below

Tr(wpm) = Crmpw?, DY (4.3.4)
Qm(wm) = Cpmpw? D2, (4.3.5)

In general, for electric motors, throttle (PWM) to motor angular speed is a linear function

according to equation

w = USK, (4.3.6)

where U is the battery voltage, ¢ is the throttle (in range of 0% to 100%), and K, is the motor
voltage constant (in rads~' V™! unit). The above refers to a no-load condition [15]. When the
motor is under load, the K, parameter is smaller. A relation under load (from propeller) of PWM
to angular speed relation has been approximated from the data provided by the motor producer
[136]. For the propellers used on the selected quad-plane, the loaded K, coefficient is at 81%
for vertical and 85% for horizontal of no-load nominal motor values. Therefore, the relation

between throttle and angular speed for this propeller is

Wi (T ) = 542147, (4.3.7)
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The static thrust and torque, as well as the RPM(PWM) relation are plotted in figure 4.9.

PWM was in the range of 1000-2000ms but it was normalized to 0-1 of throttle by a linear

relation.
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Figure 4.9. Pusher propeller forces.

An analysis for the behavior of this propeller at incidence using theory has been done in [77].
The results showed that for the range of horizontal propeller incidence angles considered in this

thesis, the correction is very small. Therefore, it can be neglected, and the axial assumption is

valid.
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4.3.2. Vertical flight propulsion

Figure 4.10. Tail-boom and 4 propellers during wind tunnel tests (incidence angle of attack 90°).

Aircraft vertical motion is propelled by 8 identical motor-propeller sets placed in 4 coaxial
pairs. Static thrust of one drive is shown in figure 4.11. Vertical propulsion is modeled in
the whole angle of attack range of & € (—90,90)° and for airspeeds in the range of V' €
(0,20)ms~!. The model is extrapolated based on the informations from the wind tunnel results,
as well as using knowledge on aerodynamic models, and by analogy to them. Therefore it is
expected that the model is only an approximation, and may contain modeling errors. Figure 4.11
presents static thrust of a single propeller measured on a test bench. This was performed for a

single motor-propeller pair without the tail-boom. In the figure, 7 is control signal (PWM).
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Figure 4.11. Vertical propeller forces.

Both the simple, static model of the vertical propulsion is implemented, as well as a model
based, and extrapolated from the results from wind tunnel tests. During the tunnel tests, it
was possible to measure the static thrust of the propellers mounted on a tail-boom, without the
horizontal airflow. The presence of the tail-boom body between the propellers caused a drop of
thrust due to the blockage effect of the induced flow of the propeller. Moreover, the result also
includes the loss of thrust due to the coaxial configuration of the propellers. The resulting thrust
is averaged between all propellers and shown in figure 4.12. The figure shows a comparison
between static thrust of a single propeller and the averaged static thrust of propellers in a coaxial

configuration mounted on a tail-boom.
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Figure 4.12. Thrust lost due to blockage effect from the tail-boom (no airflow conditions).

The thrust was averaged, but there was a difference between front and rear propellers, as the
surface of the tail-boom below the front propeller is smaller then in the rear. Additional tests
[110] proved that it was a small difference of around 3.5% of thrust lost, but such small value
can be even regarded as a measuring error. The impact on torque coefficient was not measured
in the tunnel tests.

The diameter of the propeller is D, = 0.483m. The thrust and torque coefficients in case
of no airflow and blockage effects of the chosen propeller are respectively Cr, = 1.463 - 1073
and Cg, = 7.609-10~° Including the reduced thrust due to tail-boom blockage effect, the thrust
coefficient is Cr, |pr = 1.463-1072 —0.536-1072 = 0.927-1073. The relation between throttle
and angular speed for the vertical motion propeller is

wiT(771) = 963.6377T (4.3.8)

1

Combining the above information and entering them into equations 4.3.4 and 4.3.5, the
models of propeller force and torque for the case of no airflow, with the tail-boom can be
achieved. The following equations 4.3.9 and 4.3.10 represent the thrust and torque of each
of the vertical propellers with the torque- and thrust curves supplied from the manufacturer. In

the remaining pages of this section, this model is extended to match to the propulsion model
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measured in the wind tunnel. The superscript (.)*? symbolizes, that the model is simple, i.e.,

that so far no dependence on the airflow or incidence angle have been included.

T (WP = Ory|pppw; T wiT D} (4.3.9)

QT (W) = CppwiTwi™ D} (4.3.10)

The vertical propulsion has been modeled to represent the results from the wind tunnel
tests as closely as possible. It is very difficult to impossible to derive analytically a consistent
propeller model. It would have to describe the forces for all incidence angles, all advance ratios
and all conditions (forward flight, hover, etc.), as well as aerodynamic interactions between the
propeller and body components. More promise show numerical methods (like the BEMT or
CFD), but even then it is very hard or impossible to fully model the propulsion system behavior
at all conditions. Correct modeling of vertical propulsion system for is important as it is an
essential system of the VTOL aircraft. For the selected quad-plane, the vertical propulsion
system model has a number of uncertainties. They are listed below, and the reason for their
existence is that they have either been not computed due to lack of information, or because they

were deemed less important.

1. Change (positive or negative) of elevator effectiveness (the elevator is partially immersed
in induced flow for some angles of attack and speeds). Nevertheless, the elevator is only
effective (in a measurable way) for specific, non-zero flight speeds. The highest change in
elevator effectiveness due to propeller-induced flow is at a certain angle of attack, airspeed,
and always at highest vertical thrust. In transition, when the thrust is highest (except for
hover), the airspeed is low, the elevator is barely used, as most of the pitch attitude is realized
by vertical propellers. However, as the airspeed increases, the throttle setting must decrease
to maintain constant altitude, therefore decreasing its obstructing effect on the elevator.

2. Change (positive or negative) of rudder effectiveness (the rudder can be fully immersed in
the induced flow for some angles of attack and speeds), and the explanation follows the
reasoning for the elevator.

3. Possible decrease of propeller thrust due to the blockage effect from wing for some angles
and speeds (the impact of tail-boom is included in the wind tunnel results). In case of a
quad-plane, the propellers are away from the wing and any other surfaces, so the effect is

expected to be small.
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4. Wind tunnel tests on which the vertical propulsion model is based didn’t measure a single
propeller. Time and resources allotted for the wind tunnel tests [110] did not allow to measure
all combinations of differential thrust of all 8 propellers. The effect was measured with
one 6 degree-of-freedom force sensor, so the forces and moments are global for the whole
tail-boom and vertical propulsion system, and therefore are averaged to obtain the forces
and moments for the single propeller.

5. No data on the variability of motor torque with airspeed and other effects.

6. The accuracy of the no-airflow propeller parameters provided by the producer.

7. Uncertainty as to the time constant in the dynamic model of the propellers. The quantity
was acquired from literature for a similar propeller

8. Accuracy of the results from the wind tunnel within the speed and angle of attack range used
in the tunnel.

9. Uncertainty as to propeller parameters for higher angles of attack than measured in wind

tunnel.

Impact of the above uncertainties on the fidelity of the model is very much unknown. How-
ever, the model must only be valid in cases for which it will be used. The model is used to
simulate the transition phase. As was mentioned, modeling all of the effects for all possible
angles, speeds, throttle values, etc. is not an easy task and requires a lot of hours for prepara-
tions, calculations, tests and interpretation. Therefore, it was decided that some of the not known
effects can be neglected for either being small or not being relevant to the analysis in this thesis,
that deals mostly with longitudinal motion.

In this thesis, the wind tunnel test results were available from previous studies of the selected
quad-plane, and therefore they were used. Wind tunnel tests give the best fidelity, but the results
are more difficult to examine and transform to achieve an empirical model. That is why, here,
the model derived from the wind tunnel results is split into a few simpler parts, that combined
create the full model, instead of trying to come up with a more concisely written, full model at
once. At this stage in the presentation of the model, the notions presented concern modeling the
forces and moments in the range that was measured in the tunnel. The extrapolation beyond the
ranges will be shown later. The procedure to approximate the forces and moments is therefore

according to the steps below.

e Each motor’s throttle values are corrected to account for the effect of airspeed - in tangential
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airflow, according to [110], the propeller needs less power to produce desired thrust. This
correction is shown in figure 4.15c.

e The propeller thrust and torque for the case of no airflow are calculated from the corrected
throttle values of each motor - the propeller data measured on a test bench is shown in figure
4.11 and 4.12 with the tail-boom’s blockage effect included.

e The effect of a nonzero incidence airflow angle and speed is calculated according to figure
4.16.

e The forces and moments are transformed between coordinate systems to include the effects
of propeller mounting incidence and their distance from the centre of gravity (as described

in detail in previous section 3.5.3)

Note: the above procedure produces forces and moments for a single propeller. The results
from the wind tunnel are averaged and divided, to get the results for the single propeller. The
forces and moments of each (eight vertical and one horizontal) propellers are summed. The
reason for averaging is that the propellers in the wind tunnel were mounted at zero incidence.
However in the model used in this thesis, the propellers are at a certain incidence (refer to figure
3.4). This idea is not perfect, and omits some effects due to differential thrust, but the total,
averaged forces and moments are consistent with wind tunnel results, while also contributing
to the assumed incidence of the motors in regards to the tail-boom. The results from the wind
tunnel tests are shown in 4.13. Throughout the remainder of this section, the following nomen-
clature is used: the i-th vertical frame x propeller force is called horizontal force, or drag force
interchangeably. The i-th vertical frame propeller y force is the side force, and the 2 force is
called the thrust force or the vertical force, and the i-th vertical frame propeller x moment is the
rolling moment, the ¥ moment in the same coordinate system is coined the pitching moment,

and the z moment is propeller torque.
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Figure 4.13. Wind tunnel results from [110]

The results depicted in figure 4.13 were achieved in the tunnel tests starting from a preset
equilibrium value for four vertical force values related to four weight cases (25% to 100% of

weight of the half of the airplane - used due to symmetry of the aircraft), and for all the cases, the
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pitching moment was selected as zero by balancing front and rear controls. Two more remarks
have to be made from the results of the wind tunnel tests. The first is that to achieve the required
vertical force, as the wind speed increased - a smaller motor power was needed. This is mirrored
in the motor’s control input values [110]. The higher the wind speed - the smaller was the
required throttle. The second remark is that to achieve a zero pitching moment, an unequal
values of front and rear throttle values was needed. The reason was explained before, but it is
important to add here that a higher power was needed at the rear motors due to uneven conditions
between front and rear of the tail-boom. The results from the wind tunnel tests are valid up to
a = +10°.

Outside this range, a non validated model is proposed based on trigonometric functions. The
assumptions for the model are: consistency with the tunnel results at angles —10° < a < 10°
and the expected values at « = +90°, based on aerodynamic theory of propellers and lifting
bodies. The proposed expansion of the model to higher incidence angles are shown in figure
4.16. The expansion was proposed based on the following assumptions: in axial flow (at 90°
of angle of attack) the horizontal force of the propellers vanishes. As for the thrust, at negative
angle of attack (inflow from below the propeller), the thrust is highest and at positive angle of
attack - the lowest. The model does not include such effects as vortex ring state (in negative
angles of attack - airflow from below the propeller at high airflow speeds), where a loss of
thrust and oscillations are usually observed, as no data was available to the author, and due
to complexity of the phenomenon. The thrust at positive angles therefore should be smaller,
and the model - unsteady. However, such state will not be observed in the transition phase,
as the transition that was expected assumes a pitch down attitude (and airflow from above the
propeller) throughout the whole phase duration. This assumption was proven in the results from
trajectory calculations, as the optimal trajectory in transition indeed consisted of a pitch-down
motion.

As for the modeled pitching moment, as was already mentioned, its existence is due to
uneven aerodynamic conditions at front and rear sides of the tail-boom. The front propellers
generate induced flow which is being pushed to the rear by non zero flight speed. At a certain
angle of attack, the rear propellers come out of the disturbed conditions onto clean airflow and
the conditions at front and rear are equal. The value of this angle, and the exact shape of the
graph is not known, but was approximated from the wind tunnel results and with aid of a simple

model, that is presented in later part of this section. During the wind tunnel tests, this effect
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was observed as causing a pitch up for every flight condition, as each time, more power was
needed at the back to maintain equilibrium. At negative angles of attack, this effect was smaller
than at positive angles. As was mentioned in section 2.5, the bending of the propeller had
an insignificant impact on the moment, so the full moment value can be attributed to uneven
aerodynamic conditions at the front and rear propellers.

The whole procedure for calculating the forces and moments is reiterated here, with equa-

tions. First, control input is corrected to account for non-zero airflow

Ti = Teorr * 7-‘ST (4311)

)

From the above follows that the maximum value of resulting control input 7; is 1.2 = 120%.
In the simulation, the control is in the range (0, 1). This fact is noted here to avoid confusion in
later parts of this section, because in the equations and graphs that follow, the control input goes
up to 120%, as such range was needed for the reason mentioned. Angular speed of propellers is

calculated according to

Values for zero angle of attack of thrust and torque are calculated

Fzio = —Ti(w;) (4.3.13)
Mzip = Qi(w:) (4.3.14)

The extended propulsion model, for higher angles of attack is now presented in a mathe-
matical form. Equations 4.3.15, 4.3.17, 4.3.19, 4.3.20 are respectively the averaged (per one
propeller) drag of the tail-boom and propellers, thrust, pitching moment and torque.

Drag and side speed come from aerodynamic drag created by propellers that protrude from
the tail-boom, and from the deflection of the propeller plane due to bending. Although the
tail-boom was present during the wind tunnel tests, its drag was subtracted from the propeller
characteristics, hence in figure 4.15b can be seen, that at zero throttle, the drag is also zero. The

horizontal force is

Fx; = Fxip - cosacosf (4.3.15)
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Side force is omitted here for not enough data, and for the fact, that side speeds are negligible
here

Fyi=0 (4.3.16)

Horizontal and the side force of the propeller are proportional to the tangential component

of the airspeed. The extended model for the vertical force is modeled as

Fpio+ F}, - sina for o> —arcsm(%)
Fai= 7 4.3.17)

0 for o < —arcsin(fz2)
Zi

Two sources for the rolling moment is the unsymmetry of airflow on right and left propellers
and the hinge moment due to propeller bending, but as was stated in section 2.5 it can be
neglected here. The first effect is also omitted due to the side speeds considered here being

small.

Mx; =0 (4.3.18)
The averaged among all propellers y; moment is due to uneven conditions at the front and

rear propellers and is averaged between propellers and represented here according to

(

My - sin(Mya) + Megrrcos(3My ) for o€ (—2=,0)

-,
Myi = q MJ - sin(M}a) + Meorcos(3Mfa) for o€ (0, ) (4.3.19)
0 for a¢ <_ML(;’ Mi;)

\
And finally, the z; moment is the torque, and no dependency on conditions is modeled, so it

is assumed to be the simple torque value measured on the static test bench.

Mz; = Mzio (4.3.20)

The implementation of the equations in Simulink is slightly different than presented here, to
ensure no division by zero is present, which could be problematic if using the above equations
exactly as they are presented. The parameters used in the equations above are TCW(TZ-ST, V),
Meorr (i, V), Fro(13, V), Fy(7:, V), Mk (7:,V), M (1:,V), My (7;,V), M (7;,V) and are
shown in figures 4.14 and 4.15.
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Figure 4.14. Parameters used in equation 4.3.19
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Figure 4.15. Parameters used in equations 4.3.11 - 4.3.17
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Figure 4.16. Comparison between wind tunnel results and the extended model for two flight speeds and
variable angle of attack - vertical force and moment equilibrium. The results are for a single propeller,

and the subscript ¢ has been dropped. Wind tunnel results from [110]
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The vertical force Fzz shown in figures 4.16¢ and 4.16d are plotted for the full range of
angles of attack as a single approximation each. However, it needs to be noted here, that at
positive angles of incidence, the shape of the graph is expected to highly differ in reality due
to the possible vortex ring state effect. This effect was not measured in the wind tunnel for
this case, moreover it is expected that in the simulations that follow, the aircraft (and hence its
propellers) will mostly operate under the conditions of downwash (due to the negative pitch
attitudes, and the expected profile of the transition trajectory).

An additional comment on the pitching moment is necessary here, regarding especially the
border angle of attack at which this moment should vanish. The fit of the moment curve is split
into positive and negative angles. This fit is by no means ideal, however it does have physical
reasons. Imagine a tail-boom with the propellers at a positive angle of attack (nose up). The
operating propellers create induced flow. The higher the control input to the motor, the higher
the rotation rate, and the induced flow is stronger. The rear therefore is subject to this induced
flow pushed to the back by the forward flight speed of the aircraft. The angle of attack of the
tail-boom at which this effect stops is when the rear propellers come out of the shadow of the
front propellers as seen from the front of the aircraft. The smaller the speed, the longer the rear
is inside the disturbed flow (up to a higher angle), because the induced flow dominates over the
flight speed in comparison to higher flight speeds. Therefore, the effect of pushing back the
induced flow is reduced. In the negative angles of attack (nose down), the effect is different,
because the geometry of the problem is different. This phenomenon is depicted in figure 4.17.
However, the exact value of the border angle is not easy to estimate, so wind tunnel tests were

used in aid of the simple model.

Figure 4.17. Illustration of the idea for calculating border angle.

The geometric theoretical angle, at which the influence of induced flow from the front pro-
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pellers toward rear propellers starts to be significant, and the rear propellers start to be inside

the flow is «;,,4 and can be calculated as follows.

Vina = [vi — Viosina, Vicosal
v; — VaoSino

tan(aing) = Vocoso

From here, sought are the border angles of attack (one positive oz and one negative ag_)

at which the influence ceases.

—t il < tan(aing) <t il
an LD an(ind an IL—D

H - - H
L—D Y ST "D
H v; — VaoSina H

"I-D° Vucsa ~“L-D

ag_ < a(v;, V) < apy

Example relation for wind speed of 20 m/s is shown in figure 4.18.
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Figure 4.18. Example angle of attack to border angle graph (wind speed 20 m/s).

After finding the relation «(v;, V), the results were plotted against wind tunnel results.

Parameters MAi were found using a least-squares curve fit over the experimental results. At
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first, the fit didn’t bring good results, so relation for border angle, as well as the geometric angles
were corrected to account for any not predicted real effects that the simple model didn’t consider.
The uncertainties were in calculation of the propeller induced velocity (it was approximated
after the actuator disc method with a correction). Also, the geometric border angle required
slight modification in its magnitude, and its zero value. All those effects are due to a mutual
interaction between top and bottom propellers in the front and in the rear which was not easy to
predict. Nevertheless, the achieved fit for the two measured wind speeds in the range in which
the wind tunnel tests were available is quite good (shown in figures 4.16e and 4.16f). The model
also shows good behavior near zero, and the transition between speeds is smooth and predictable
as seen in figure 4.19. Specifically, the figure shows the interpolation with the added moment
correction (as in equation 4.3.19).

In total, the moment for all wind speeds and all throttle values in the range of 0% to 120% was
positive after adding the pitching moment equilibrium correction from equation 4.3.19, which
is the expected and correct behavior. The reason is that the rear propellers operate in disturbed
airflow for all but 0 m/s wind speed and for every control input values (provided the tail-boom is
at an angle between the border angles). From this follows the fact, that to maintain equilibrium,
at best, equal values of control input at the front and rear are needed, and at worst, more throttle
(power) is needed at the rear propellers in all flight phases. Furthermore, in the case of the
modeled quad-plane, the pitching moment curves are slightly on the side of positive angles of
attack, which follows from analyzing the geometry and the direction of flight and thrust, that it

should in fact be the case.
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Figure 4.19. Pitching moment from vertical propulsion for various values of throttle and wind speeds.

The pitching moment magnitude is valid for a single propeller. To acquire the full moment, the value has

to be multiplied by 8 (number of propellers on the quad plane).

In this section a propulsion system model was presented based on the wind tunnel results

for the vertical propulsion, and on experimental test bench data of the horizontal propulsion.

The results cannot be generalized to other similar aircraft, as every case is different, especially

for such a complex configuration as a quad-plane. However, from analyzing the wind tunnel

results, many effects were seen, being characteristic to the behavior of propellers at axial and

tangential conditions, and intrinsic to this type of aircraft.
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In general, hybrid VTOL planes of a similar layout can benefit from placing a more powerful
unit at the rear to correct the pitching moment and ensure that the aircraft can pitch down as
expected. The VTOL quad planes achieve higher speeds at forward flight than any non-hybrid
vehicles, such as the quadcopters in flight to the front. The copter however is more symmetric,
therefore similar speeds can be expected both going forwards and backwards. Despite these
differences, many theories and findings are applicable to both. Therefore, both configurations
experience adverse moments in translational flight in the horizontal plane. The findings from
this chapter are therefore consistent with similar considerations, but performed for a copter in
[59], where not enough power at the rear caused that the copter could not achieve desired high
pitch down angles in flight.

Beside the adverse phenomenon of undesirable pitching moment, this chapter also showed
the variability of the thrust in changing conditions, i.e., a changing angle of attack and airspeed,
as well as presented methods to estimate and analyze the findings from a wind tunnel test into a
form usable for a numeric model of a quad-plane, that is also consistent with the experimental
results. Moreover, an approximation of the results outside of the measured range will prove to
be useful in deriving an optimal trajectory based mostly in the pitch-down, negative angle of
attack regime for which there is more certainty as to the fidelity of the expanded model, than in
the positive angle of attack range. To summarize the model, table 4.3 shows the collected data
of the aircraft propulsion system - the position, incidence angles, and rotation direction of each

propeller.
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Pusher Front right Front left Rear left Rear right
m vy Vg U3 Uy Us Vg vy Ug

ryi  -0.613  0.548  0.548 0.548 0.548  -0.548 -0.548 -0.548 -0.548
Tyi 0 0.5 0.5 -0.5 -0.5 -0.5 -0.5 0.5 0.5
ry o -0.028  -0.102 -0.102 -0.102 -0.102  -0.102 -0.102 -0.102 -0.102
0; 0° 2,1° -2,1° -2,1° 2,1° -2,1° 2,1° 2,1° -2,1°
o 0° -2,1° 2,1° -2,1° 2,1° 2,1° -2,1° 2,1° -2,1°
Dir. CW Ccw  CCW Cw  CCW Cw CCW Cw  CCW
Pos. - Top Bottom  Bottom Top Top Bottom Bottom Top
S 1 1 -1 1 -1 1 -1 1 -1

Table 4.3. Geometric dimensions and characteristics of the quad plane propulsion (measured from centre

of mass of 36.8% of mean aerodynamic chord and from body axis).

4.3.3. Actuator dynamics modeling

The eight vertical and one pusher propeller propulsive forces are modeled after a set of

relations that were described in previous sections. The part that is missing still is the model of

motor dynamics. The dynamics of BLDC motors are often assumed as first order [60], and the

same concept is used here. The time constant was assumed following [152] as 0.16 seconds.

As for the dynamics of the aerodynamic surface servos, it is omitted here and the action of the

actuator is assumed instantaneous. In equation 4.3.21 is presented the first-order system transfer

function used to model the dynamics of the vertical and pusher motors.

u;(s) _

U ($) K

1

Ti(8> -

Tm(s)  Ts+1 0.16s+1

Transforming to state-space form through Laplace transform

0.16up, (1) = T — U,

4.3.21)

(4.3.22)
(4.3.23)

Equations 4.3.22 and 4.3.23 are included in the numeric model of the aircraft and used in

control system design, simulation, and trajectory optimization.
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4.4. Aircraft trim

This section contains the results from equilibrium points calculations. The purpose was to
calculate the values of trim controls and states to use as an input to trajectory calculations, to
ensure that the transition phase starts at steady hover conditions and end in forward flight at a
speed exceeding the wing stall speed. The second purpose of the calculations was to test the
model for possible discrepancies and abnormal results in solutions to the aircraft trim problem,
and therefore to test for modeling errors. Moreover, the limits of the aircraft motion in forward
and hovering flight have been established. Figure 4.21 shows the equilibrium conditions for
forward flight above the stall speed with only the pushing propeller operating and aerodynamic
surface actuators. In figure 4.22 are shown trim conditions for vertical flight using only the ver-
tical propulsion system. The first graph shows values of front and rear motors throttle (averaged

in the front and in the rear), and the last two show the pitch angle and the angle of attack.
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Figure 4.20. Aerodynamic surface deflection trim values for various flight speeds in horizontal flight.
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Figure 4.21. Propulsion trim values for various flight speeds in horizontal flight.

Analyzing the figures 4.20 and 4.21, it can be seen that the forward flight phase starts when
speed exceeds around 13.7 m/s. The shape of the graphs is similar to trim curves of most fixed
wing aircraft. As for the vertical trim shown in figure 4.22, the results state that the aircraft is
able to maintain trim for vertical speeds from around -10 m/s up to 10 m/s. Beyond those values,
the throttle values of motor exceed the limits, and so no equilibrium can be held. The results
show a slight asymmetry in trim throttle values between front and rear motors. The descending
part of the graph (H < 0) is expected to be less precise than the ascending part, as the propellers
are in an upwash, which was described earlier as not being modeled fully here. The asymmetry
of conditions at front and rear of the propulsion system is also visible looking at the trim pitch

angle.
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Figure 4.22. Trim values for various ascent/descent speeds in vertical flight.

4.5. Implementation of aircraft model in MATLAB/Simulink

As was mentioned earlier, the simulation model has been based on the FDC toolbox for
Simulink [117]. The reason for that was to avoid the work of implementing the equations
of motion in Simulink. FDC toolbox is a modular package for analyzing aircraft dynamics
and control systems in Simulink. The toolbox contains a non-linear model of a fixed-wing
aircraft. Moreover, the toolbox contains MATLAB routines for steady-state calculations and
linearization. Many of the MATLAB routines are based on MATLAB functions wrapped in
a user-friendly, graphical interfaces. The toolbox was used in this thesis as a basic utility to
implement the model described here, therefore many modules, especially relating to the complex

propulsion system had to be added. Detailed description of the FDC toolbox and its modules
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is ommited here, as it can be found in [117]. Only the changes to the toolbox and additional

modules created by the author of this thesis are shown.
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Figure 4.23. Main simulation view of the model in Simulink. The model is based on FDC toolbox [117]

with modifications.

Figure 4.23 shows the main simulation view, with the inputs and outputs (in this case full
state) visible. This view is identical to the original FDC model, with the only difference that
the inputs and states were changed. First four inputs are the aerodynamic surface deflections -
elevator, ailerons, rudder, and flaps (which are zeroed in the model). The next nine inputs are
the values of throttle to the motor. The last six originate from FDC, and symbolize the inputs
in the form of wind disturbances. The states on the other hand are the twelve rigid-body states
plus nine states that symbolize motor throttle values (dynamic states). The original FDC model

supported sending the inputs, time, and results of the simulation to MATLAB workspace.
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Figure 4.24. Block Chimera dynamics (Wind tunnel + motor dynamics), shown in figure 4.23. View

inside the subsystem. The model is based on FDC toolbox [117] with modifications.

Entering the Chimera dynamics (Wind tunnel + motor dynamics) subsystem (depicted in
figure 4.24), the full simulation model can be seen, where the original modules, and equations of
motion are contained, as well as custom modules made by the author of this thesis. These custom
modules are marked with a darker color in the view. The Aerodynamics LUT module contains
the aerodynamic coefficients for the full angle range, and calculations of aerodynamic forces
and moments. The Propulsive Forces and Moments module contains the propulsion system
models. Two outputs have been added (also depicted in a darker color), namely calculated
the propulsive forces and moments, and motor states. The original propulsion system that was
included in the toolbox has been removed from the model for the purposes of this thesis. The
other outports in the view are described in FDC raport [117]. The views and models shown in

the next figures have been created by the author of this thesis based on the propulsion system
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model described in earlier sections. In figure 4.25 can be seen nine subsystems that symbolize
vertical and horizontal propulsion models. Inputs to the subsystems are the state of the aircraft

body, state of motor throttle, motor throttle inputs, and air density.
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Figure 4.25. Main view of the propulsion models in Simulink

Figure 4.26 shows two systems of Body prop&gyro forces and moments for a single vertical
propulsion system, repeated eight times in the main view, and one horizontal propulsion systems.
The submodels is figure are not shown here for not repeating, as they are prepared based on
propulsion system forces and moments equations presented in earlier parts of this section. The
model outputs the propulsive forces and moment vector for a single motor-propeller pair. All
the results presented in this thesis are shown with the assumption that the wind tunnel model is

used.
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5. Energy-optimal transition trajectory

5.1. Problem statement

In previous sections was said, and it is reiterated here, that the quad-plane, and, in general,
any vertical-lift vehicle has a large energy consumption. The problems that arise from this fact
are increased if the vehicle is also electric, most notably in battery-powered applications. The
electric energy storage devices available today possess a much smaller capacity than similarly
sized combustion engine powered vehicles. Therefore, other ways, beside enhancing the ca-
pacity of storage devices, need to be develop to allow the electric VTOL vehicles to achieve
satisfactory operation time and range. It is postulated here, that the energy consumption of a
quad-plane can be reduced significantly by a careful design of the control of the vehicle. The
considerations are focused on the transition phase, which is a part of the flight regime of the
VTOL in which there is the most freedom in shaping the trajectory by the designer. To recall,
the transition of the VTOL is the phase between hover and horizontal flight in which the vehicle
accelerates to reach stall speed, after which the needs for lift are adopted by the wings. The en-
ergy consumption in hover and forward flight does not allow for much reduction, as the course
of those phases is in general fixed, and usually established during the design of the vehicle.

The approach here is based on optimal control from the point of view of energy consumption
reduction. This task has been solved with two steps. In first step, energy-optimal trajectories
have been calculated. The results are presented in the following section. The second part of
the problem solving was the design of a control system to realize the calculated trajectory. The
result of trajectory tracking by an optimal controller will be shown in later sections.

Therefore, the problem at hand is to find a numerical solution to the optimal control problem

of the form

min E(x,u,t) (5.1.1)
subject to the dynamic constrain
&= F(x,u,t) (5.1.2)

and equality and inequality constraints on the admissible states and controls
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with the final time free. It is worth noting that even though the possible range of motor
inputs are (0; 1), a margin of 10% was left for lateral modes stabilization, as well as disturbance
rejection, as the simplified 3 degree of freedom did not take these aspects into account. The va-
lidity of this approach will be tested and presented in nonlinear, 6 degree of freedom simulations.

State vector for the selected problem is

X = [VOO,Oé,Q,97ZL'e,H]T
(5.1.3)
U = [5evaaTr;Tm]T

In the above state vectors, the motor throttle state is missing, as a case with no motor dynam-
ics were initially calculated. After a failure in tracking the no-motor-dynamics trajectory with
a controller in simulation with motor first-order dynamical systems, a modified problem was

solved, in which the motor dynamics were included. The state vector for the second problem

was

X =[Ve,0,Q,0,x., H, Tf,Tr,Tm]T
(5.1.4)
U= [5ean77—ra7—m]T

The problem has been reduced from the model used for simulation to 3 degrees of freedom

for the purposes of trajectory calculations. It was assumed, that the lateral parameters do not
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yield significant energy savings during transition, most notably in zero wind case, which is
considered here. The transition allows the aircraft to accelerate in the longitudinal plane, from
hover to the stall speed, therefore it was expected that most savings can be achieved by the
shaping of the transition trajectory in this phase. Later, in the section that deals with results from
trajectory tracking with a control system. The designed controller, as well as final simulations
are performed with all six degrees of freedom of the aircraft. Therefore, the assumption that
the lateral movement adding little to savings will be tested under the assumptions taken in this
thesis.

The transition phase starts at equilibrium in hover conditions and ends at forward flight
equilibrium at just above the stall speed, chosen as 16ms~! and « for equilibrium. Exceeding
that speed,the vertical propulsion can be turned off and the flight can progress to horizontal. The
values of controls and states for trim at this speed can be found in trim curves in figure 4.21.
All the free variables, as well as the progress of states and controls during the transition are
left to the optimization solver after transcribing the problem into finite-dimensional parameter
optimization. @

The resulting trajectory has been compared with a reference case of a zero-pitch transition.
This type of transition has a largely simplified control, as mostly one control channel (the pusher
motor) is used to accelerate, while the vertical propulsion system maintains a constant attitude.
The zero-pitch transition is often used in Quad Planes, in opposition to Quad Rotors that, being
underactuated vehicles, utilize pitch axis to accelerate the vehicle. The reference trajectory that
was chosen yields the simplest transition, but also a high-energy one. As was seen in previous
works on this aircraft [48], even a trajectory in which the aircraft is pitched optimally under
quite restrictive assumptions on the shape of the trajectory resulted in a reduction of energy
consumption. Even a non-optimal, hand-picked trajectory in the mentioned paper was better
than the zero-pitch trajectory. Therefore, the chosen reference trajectory will be adequate for
comparison with the best one.

Beside the zero-pitch objective, and the minimum-energy objective, a number of other ob-
jective functions have been selected from the most commonly used in literature. They include:
minimum time, minimum control effort, and two combinations of a weighted sum of time and
control effort, as well as a weighted sum of energy and time. This was done to compare the re-
sults of different objective functions in the resulting shape of the transition, as well as in energy

consumption. The latter, as was expected, resulted in the best outcome in favor of minimum en-
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ergy objective, however it was interesting to see by how much the other objectives were behind
in comparison to the best case. The results for the other cases are shown in Appendix, at the end
of this thesis. A summary and a quantitative comparison of the results is presented in section

5.4.

5.2. Assumptions

The problem has been solved using optimal control software ICLOCS2 with nonlinear op-
timization solver [IPOPT. ICLOCS?2 offers the collocation transcription method, with a number
of collocation schemes, ranging from polynomial collocation (Euler, Trapezoidal, and Hermite
Simpson collocation) to pseudospectral collocation (Legendre Pseudospectral Method with Leg-
endre polynomials - high order global collocation or lower order, variable mesh collocation).
The software allows to provide analytical Jacobian and Hessian functions, or offers automatic
differentiation with ADiGator [146] if the information is not provided. Due to the complexity of
the model, the latter method was used. For discretization, a Hermite-Simpson collocation was
used as being the highest available order of polynomial collocation and proving to be sufficient
in terms of solution convergence, total time of calculations, the scale of the search space with a
reasonable mesh size (50 - 100) and the number of collocation points.

The calculations for any selected objective function and constraints were repeated in some
cases a few times with various initial guesses (either starting from a very simple, two-point
trajectory, or with the results of other objective functions) to evaluate for any variations in
acquired results. A method to ensure the globality of a solution used in literature is to calculate
the trajectory for a convex case by simplifying (convexification) the dynamic and any other
constraints to make sure they are linear or convex [153]. Here however, such method was not
used, as each time calculations for a selected cost function yielded the same outcome in the
value of energy expanded and trajectory progress which hinted to the solution being global. No
differences in initial guess values were observed to be reflected in the solution.

The calculations were performed for a number of test cases, with various assumptions and
objectives. The reason for selection of the cases was to perform a relatively thorough comparison

between the possible transition scenarios and choose the best. The test cases included:

e Reference case. The reference was based on the simplest transition method in which the
aircraft accelerated, while the control system keeps the attitude of the aircraft steady at zero

degrees. The reference was used to compare the savings of the other chosen cases.
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Minimum energy, no motor dynamics included, constant altitude. This was the most
basic case from which modifications to the assumptions were introduced. The maneuver
starts at a predefined altitude and transitions in the most energy efficient way to maintain the
altitude.

Minimum energy, no motor dynamics included, variable altitude. Following the con-
stant altitude, variable altitude case was introduced to check if introducing a more loose
constrain would help in the amount of energy conserved in transition.

Minimum energy, motor dynamics included, variable altitude. Based on the success of
deriving both the constant and variable altitude transition scenarios, a more realistic case
was introduced with motor dynamics. For that, additional state variables were introduced
into the problem to yield a more feasible solution for tracking by a control system (described

in the next chapter).

Additional cases with different objective functions were performed to overview the capabili-

ties of the aircraft configuration in performing various mission goals. These objectives included:

Minimum energy and transition time with constant altitude
Minimum energy and transition time with variable altitude
Minimum transition time with constant altitude

Minimum transition time with variable altitude

Minimum control effort and transition time with constant altitude
Minimum control effort and transition time with variable altitude
Minimum control effort with constant altitude

Minimum control effort with variable altitude

The resulting trajectories calculated for the above objectives are presented in detail in Ap-

pendix. The analysis and comparison of the results, including the additional test cases are given

in 5.4 and 5.5.

5.3. Reference case

As a baseline to compare optimization results, a reference transition scenario was selected as

follows: upon reaching a specified transition altitude, the aircraft starts accelerating using mostly

the horizontal propulsion. The aircraft stays roughly at a pitch angle of § = 0. Vertical position
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is maintained by vertical propellers thrust. Thrust of vertical propellers is slowly reduced to zero
when the aerodynamic wing forces start supporting the weight of the aircraft (stall speed).

The objective for deriving zero pitch trajectory was

J = /Otf 0(t)* dt (5.3.1)

The resulting trajectory for the reference case is shown in figure 5.1, and control inputs in
figure 5.2. Energy consumption for this case was 92551.0 J, transition from hover to horizontal

flight took 23.63 s and 200.55 meters.
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Figure 5.1. Zero pitch reference transition trajectory (100 points, Hermite-Simpson collocation, state

approximated as piecewise-cubic, control as piecewise-linear).
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Figure 5.2. Zero pitch reference transition trajectory (100 points, Hermite-Simpson collocation, state

approximated as piecewise-cubic, control as piecewise-linear).

5.3.1. Minimum energy consumption (constant altitude)

Below are shown results from optimization of energy consumption. In figures 5.3 and5.4
are shown trajectories and control input sequence. The objective function is based on equation

3.9.9. The fixed altitude was 300 meters.

J = /0 ’ P(t)dt (53.2)

Figure 5.3 shows the resulting trajectory. In this case, the altitude was kept fixed throughout
the maneuver, and the resulting trajectory, as was expected consists of a pitch-down motion to
-40° after about 0.7 s, with pitch rates reaching -108° s~!, after which the follows a pitch-up
back to around 10° with up to 40° s~*. The vehicle speed experiences a rapid rise, followed by
a lower acceleration. At the end of transition, the pitch attitude of the vehicle oscillates slightly,
and finally reaches the value for forward flight. Transition from hover to horizontal flight took

4.31 s and the maneuver finished at 44.74 meters.
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The control inputs from vertical and horizontal propulsion systems, as well as power and
energy used during the transition are shown in figure 5.4. At the beginning of the maneuver, in
hover, the rear propellers provide more thrust to allow for the pitch-down motion, after which
the roles of the rear and front motors are exchanged, with a larger throttle value in the front
motors to restore the pitch angle to positive values. With the decrease of the pitch angle, the
pusher motor throttle is reduced to reduce its influence on the pitch down moment, as well as
to maintain a constant altitude. After achieving a more level flight, the pusher motor throttle is
returned to the highest allowable value to quicken the acceleration of the vehicle, and therefore,
reduce the energy consumed. At the end of the transition, as expected, the throttle to the vertical
motors is largely reduced, and the low throttle setting at rear motors is used to maintain the
desired pitch attitude. The maximum power is 14.1kW, and happened coincidentally with the
largest negative pitch rate in the pitch-down motion, and the energy consumption for this case

was 27878.7].
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Figure 5.3. Minimum energy transition trajectory (50 points, Hermite-Simpson collocation, state ap-

proximated as piecewise-cubic, control as piecewise-linear).
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Figure 5.4. Minimum energy transition trajectory (50 points, Hermite-Simpson collocation, state ap-

proximated as piecewise-cubic, control as piecewise-linear).

5.3.2. Minimum energy consumption (free altitude)

Below are shown results from optimization of energy consumption. In figures 5.3 and 5.4
are shown trajectories and control input sequence. The objective function is based on equation

3.9.9. The altitude was started and finished at 300 meters.

ty
J:/O P(t)dt (5.3.3)

Figure 5.5 shows the resulting trajectory. In this case, the altitude was kept free during the
maneuver, and fixed in the beginning and at the end of transition. The shape of the pitch angle
plot is similar to the constant altitude case, but the maneuver is less rapid. The minimum pitch
angle is also -40° as in the previous case, however the pitching rates are lower. The drop in
altitude is not large and equal to 298.2m. Transition from hover to horizontal flight took 2.94 s
and 25.99 meters.

The control inputs from vertical and horizontal propulsion systems, as well as power and

energy used during the transition are shown in figure 5.6. Again, the graphs are similar to the
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constant altitude case, however the drop in pusher motor throttle is smaller. The maximum

power is 17.6kW, and the energy consumption for this case was 27018.1J.
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Figure 5.5. Minimum energy transition trajectory (50 points, Hermite-Simpson collocation, state ap-

proximated as piecewise-cubic, control as piecewise-linear).
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Figure 5.6. Minimum energy transition trajectory (50 points, Hermite-Simpson collocation, state ap-

proximated as piecewise-cubic, control as piecewise-linear).

5.3.3. Minimum energy consumption with motor dynamics (free altitude)

Below are shown results from optimization of energy consumption with motor dynamics
modeled with a first-order model. In figures 5.7 and5.8 are shown trajectories and control input
sequence. The objective function is based on equation 3.9.9. Altitude started and finished at

300 meters.

tr
J= /0 P) dt (5.3.4)

Figure 5.5 shows the resulting trajectory. In this case, the motor dynamics were included
as additional states, bounded in the same way as the motor inputs, the altitude was kept free
during the maneuver. The shape of the pitch angle plot is very similar to the variable altitude
case, with the only notable differences being the angle of attack, the pitch angle and the pitch
rate, which is maintained at -63° s~! for less time. For this reason, the final energy consumption
is slightly lower than in the previous cases. Transition from hover to horizontal flight took 3.59

s and 31.89 meters.
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The control inputs from vertical and horizontal propulsion systems, as well as power and
energy used during the transition are shown in figure 5.6. Again, the graphs are similar to the

variable altitude case, however the drop in pusher motor throttle is smaller. The maximum power

is 17.5kW, and the energy consumption for this case was 26413.1J.
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Figure 5.7.

Minimum energy transition trajectory with motor dynamics modeled (50 points,

Hermite-Simpson collocation, state approximated as piecewise-cubic, control as piecewise-linear).
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Figure 5.8. Minimum energy transition trajectory with motor dynamics modeled (50 points,

Hermite-Simpson collocation, state approximated as piecewise-cubic, control as piecewise-linear).

5.4. Results comparison

The additional results with different objective functions have been placed in the Appendix,

at the end of this thesis. Below is shown a comparison of transition energy for all cases.
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Case Energy [J] Time [s] Distance [m]
Reference 92551.0 23.63 200.55

Transition with altitude constrain and final altitude fixed

Minimum Time 31948.1 2.19 18.80
Minimum Control 29715.4 5.83 64.50
Minimum Time and Control 29229.0 4.17 44.64
Minimum Time and Energy 284427 3.13 29.62
Minimum Energy 27878.7 4.31 44.74

Transition with no altitude constrain and final altitude fixed

Minimum Time 33143.9 1.98 15.75
Minimum Time and Control 28594.9 2.84 26.46
Minimum Control 28278.0 3.49 34.15
Minimum Time and Energy 27202.0 2.94 25.99
Minimum Energy 27018.1 3.37 30.62
Minimum Energy (with motor dyn.) 26413.1 3.59 31.89

Table 5.1. Comparison of results with different objective functions.

The minimum energy case with motor dynamics included yielded a transition trajectory that
allowed to save 66137.9 J in regards to the selected reference trajectory. That value translates to
savings of 71.5% of energy needed for transition. Trajectories for any other evaluated cost func-
tion gave savings from 65.5% up to 70.6%. The numbers prove that optimizing the trajectory of
the transition phase is very beneficial and useful in reducing the energy consumption of a VTOL
vehicle. Moreover, the duration and distance of the transition phase is shortened, allowing the
vehicle a faster acceleration and retreat in time- and space-limited scenarios, for example in
more confined take-off spaces and time-sensitive operations. Examples of such scenarios can
be for example rural applications (parcel, air-taxis, surveillance), as well as military applications
in which time when the vehicle is seen by an enemy is crucial and should be kept to minimum
to avoid detection and deployment of countermeasures. The time saved during transition was
21.65 s in the best (free altitude, time-optimal) case. Distance to transition was shortened by
184.8 meters in the same case. The magnitude of the savings is quite significant for the reasons

mentioned.
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5.5. Discussion

In all tested cases, utilizing vertical propulsion for forward acceleration, on top of horizontal
propulsion brought significant savings in terms of energy consumption. Results were compared
with a reference case of zero pitch transition. Such scenario is often used in quad-planes with
generic autopilots, such as the Ardupilot or PX4, providing the pilot does not provide any atti-
tude, or climbing rate changes. During the tests, results for several cost functions were evaluated
to compare and pinpoint the trends and conclusions of the calculations. These included the min-
imum time, minimum control effort, minimum energy, and a combination of the above. The
comparison concluded that regardless of the selected objective, the most important aspect that
led to the reduction of energy consumption was the decrease in transition time. Even though the
results of calculations for every objective showed that the motor input and power were higher
than in the reference case, the specific trajectory allowed for the reduction of the transition time
and, hence, the energy consumption. In conventional quad-plane transition, where the aircraft
is kept at steady, low attitude angles, and the bulk of acceleration is provided by the horizontal
propulsion, the transition time and distance are increased mainly.

Therefore, from the analysis of the results, two important conclusions can be derived. To
improve energy consumption during flight, it is crucial to minimize the time needed staying in
hover and during transition. For this reason, all selected objective functions, either minimum
time or minimum energy cases shortened the transition time and brought similar savings. The
second conclusion is that pitching down the aircraft indeed proved to be beneficial in reducing
energy consumed. This was in part due to shortening the duration of the transition phase, as
well as optimally utilizing all of the most important control devices in the transition phase.
The decision to free the altitude during the transition allowed for further reductions in energy
consumed, as the constraints on the trajectory were more relaxed, and the solver had more
freedom in choosing the solution in a wider search space. The trajectory calculations were
performed with no requirements for stall avoidance and acceleration limits. This approach
is valid for uncrewed applications and allows for significant savings in energy consumption.
However, if the approach is desired for UAM crewed applications, the OCP would need to be
augmented with such constraints for passenger comfort and safety.

The very important benefit of using optimal control theory, and as in this case, direct opti-
mal control with collocation in deriving the optimal trajectory is that the result is ensured to be

dynamically feasible. The reason is the ability to include the system dynamics, with no regard
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to what form it has in terms of its possible nonstationarity, nonlinearity or other. Moreover, the
abilities of modern optimization solvers, as well as direct optimal control transcription software
allow to use it for more and more complex and higher order systems, as well as a higher number
of mesh points, longer time-horizons, and for multi-stage applications. The solvers moreover
can often aid the user in information about the possible infeasibilities, or other problems in the
model. It is however the engineer’s responsibility to prepare a well-posed problem statement,
as it is crucial in ensuring that the solver will not encounter problems with convergence, infeasi-
bility, or settling for local solutions, and will in turn yield a satisfactory result. These problems
can be mitigated, or eliminated by using continuous, differentiable functions as constraints and
in the dynamic model, and ensuring that the constraints do not reduce the feasible search space
to an empty set.

A comment on usage of the OCP solver in MATLAB. Initially, the OCP solver achieved the
information on the value of state equations from Simulink, where the model was implemented.
This proved to be too slow for the requirements of the posed problem, as in each calculation
step, Simulink model had to recalculate the state equation. Connecting the solver with Simulink
allowed for a mesh of timesteps of up to 20. A better alternative proved to be to rewrite the state
equations into MATLAB script and make use of the speed of vector operations implemented
in MATLAB. This method was a compromise in computation speed, as still the many lookup
tables slowed down the calculations. However, this method allowed to calculate results with
up to 100 timesteps in reasonable time. Moreover, the convergence of the solver was visibly
improved, and the number of iterations was reduced in comparison to using the communication
between MATLAB and Simulink.

To conclude, the quad-plane, as well as any VTOL aircraft or drone, have very high energy
consumption needs in the vertical flight phase, and the optimization of the trajectory with the
goal of reduction of the energy needed proved to yield quite significant savings. Only the
transition phase was optimized, keeping in mind that for an already designed vehicle, the most
savings can be obtained by shaping this phase. The savings in energy will extend the endurance
of the vehicle flight, and the larger the number of transitions in a mission (both accelerations
and decelerations) - the larger the energy savings. The distance and time of transition were
also largely reduced, both in the time-optimal case, as well as in energy-optimal case. These
facts can be beneficial to all possible applications for VTOL vehicles, including the vehicles

that need very high endurance, are bound to short take-off and acceleration spaces, as well as in
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time-sensitive scenarios. In the next step of the process outlined in the beginning of this thesis,
a control system will be designed with the goal of realizing the selected trajectory to maintain

the savings and ensure a possible successful implementation in a real vehicle.

6. Control system design

The preceding section presented the calculated, ideal, 3 degree of freedom energy-optimal
transition trajectory. The goal for this section is to propose a control system so that the trajec-
tory can be tracked and implemented into the flying vehicle with 6 degrees of freedom. As was
mentioned in the discussion on the trajectory optimization, the resulting trajectory is dynami-
cally feasible. It is especially important in terms of applicability of the result. Moreover, the
feasibility ensures that a well designed controller for the goal of trajectory tracking will be able
to successfully fulfill its aim.

The VTOL analyzed in this thesis has a relatively large number of control devices - three
aerodynamic control surfaces, and nine motor-propeller pairs that can operate independently.
Moreover, the model is highly nonlinear in the transition phase of the flight. Therefore, the
control system has been designed with the use of multivariable control design methods. This
approach allows to synthesize a control system almost automatically based on the selected re-
quirements, and takes into account the multiple connections between sensors and actuators [38].
The LQR control system architecture has been selected and designed on a linear time-varying
model linearized along the desired trajectory. The reason for selection of this form of the model
was that the prepared model was nonlinear both in state and in control during the transition
phase, and the complexity of the model due to large number of nonlinear lookup tables and
functions. The design is completed by a nonlinear, 6 degree of freedom simulation of tracking

of the desired trajectory by a gain scheduled linear quadratic control system.

6.1. Dynamics linearization

The first step to developing the linear time-varying system from the nonlinear model pre-
sented in prior chapters is to perform linearization along the chosen trajectory. Throughout
the transition trajectory, the model is subject to changes in almost every state, these variations
being more pronouced in the longitudinal states, than in the lateral. According to the assump-
tions stated for the trajectory calculations, the lateral states were fixed at zero as the degrees of

freedom associated with these states were discarded for the calculations. Here however, the aim
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is to develop a controller for a full 6 degree of freedom aircraft model. Moreover, the remaining
control authority of the motors is tested to see if the range of actuator not used in longitudinal
trajectory tracking will be sufficient to ensure the stability of the remaining lateral states.

For a successful application of the linearized LTV model, it is crucial to ensure that the
states do not diverge far from the linearization points, hence generating large errors in the linear
formulation in regards to the nonlinear model. The points were chosen to coincide with time
mesh chosen for trajectory optimization. This choice proved to yield a low computational time
of linear gain-scheduling during simulation, and because the results from the choice gave good
results in command tracking during nonlinear simulation. Moreover the simulation, as well as
the controller were performed with continuous models, and therefore, to preserve the continuity,
a linear interpolation was used. This approach was in opposition the the remark stated earlier
in the thesis, about the benefits of using differentiable functions. However, in terms of gain
scheduling and performance of the continuous controller, that approach did not cause any issues.

Therefore, it was desired to linearize a model of the form

Ty = f(zh, ug, ty)

Yr = g(Tk, U, t)
for t € [0,3.59], with f being a set of twelve functions representing the state derivatives
of numerical model of the quad-plane, and g - the output function. Variables yg, x, xx, and
uy, representing the discrete values of respectively the output, state derivative, state, and control
at 50 trajectory points, i.e., for £k = 1,2, ...,49. The linearization is performed by MATLAB
function /inmod based on the state equations implemented in a Simulink model. The result is a

linear time-varying system based on the nonlinear aircraft model of the form

Ty, = A(k)xg + B(k)ug

yr = C(k)xy + D(k)ug
with system matrices A(k), B(k), C(k), and D(k) defined for k = 1,2, ..., 49, each point
being spaces equally in the transition interval, i.e., about every 70ms, and interpolated linearly

to achieve a continuous LTV system of the form



Next, in each of the 50 trajectory points and for the 50 corresponding models, a control gain
matrix has been calculated based on the () and R matrices chosen for the full duration of the
maneuver in LQR formulation to arise at a compromise between control inputs magnitudes and
values of error between the state and the trajectory. The goal was good trajectory tracking in
the longitudinal plane, while maintaining low regulation errors in the lateral states, and avoid

actuator saturation as much as possible.

6.2. System properties

Figure 6.1 presents the controllability, stabilizability, observability, and detectability of the
system in the linearization points calculated from the rank of controllability and observability
matrices, as well as from PBH test [57]. As can be seen, the system is not completely controllable
nor observable, but all the uncontrollable and unobservable modes are stable. Therefore, a

requirement for successful employment of an LQR is met.
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Figure 6.1. Controllability, stabilizability, observability, and detectability of the system throughout the

transition phase.

In figure 6.2 are presented the poles of the linearized system, interpolated linearly between
linearization points. Due to abundance of data shown in the figure, the travel of each of the
pole throughout the transition is not shown, and instead, the travel of all poles simultaneously

is presented. The system is unstable as some of the poles in all instances during transition have

a positive real part.
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Figure 6.2. Uncontrolled system poles movement throughout the transition phase.
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6.3. Proposed control system

To analyze the realizability of the trajectory, taking into account the presented aircraft system
has a large number of states and control inputs, a MIMO linear control strategy was chosen.
Often in case of UAVs, including fixed-wing, hybrid and multicopters, a PID control synthesis
is used. The process however, for a system of such size with such large number of input-output
relations, would be very time consuming. The reasons are the following - for one, the design
would require knowledge of cross-coupling and design of suitable motor-mixing strategies. The
second reason is that a problem arises with tuning the quite large number of PID gains in all
control loops. One can employ an optimization or machine learning approach, but it was not
attempted here. Finally, the design and gain tuning would have to be repeated in each operating
point on the trajectory to yield perfect tracking. Therefore, the LQR synthesis was selected
at this point of the research to utilize the almost automatic, optimal way to select the controller
gains, and to synthesize the control system at once in all states and controls. The disadvantage of
this approach is the difficulty to select proper weighing matrices () and R, which can sometimes
lead to a long, iterative procedures. However, the Bryson’s rule [21] helps here in selecting the
initial values on the matrix diagonal, which largely shortens the time needed to tune and aids in
a more physical understanding of the values. The rule states that, when considering the weights,
it may be useful to start with the square of the inverse of the maximum desired deviation from

reference of the specific state or control. The final values of the weighing matrices were

Q = diag(10 10* 5-10®* 5-10* 3.5-10° 5-10*> 0 45-10° 0 1 10 0
000 0O0O0O0O0 0

R = diag(100 10 10 85 85 85 85 85 85 85 85 8.5)

Matrix () was semi-definite positive, and R - definite positive. After solving the Ricatti

equation using the Matlab /gr function, the gain matrices K; in all the selected points on the

trajectory were obtained.
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Figure 6.3. Gain-scheduled LQR control system architecture for tracking the desired energy-optimal

trajectory

Figure 6.3 presents a simple diagram of the chosen tracker structure. It consists of the block
Desired trajectory, in which the optimal trajectory is interpolated with current simulation time
to get reference for tracking of all 12 states. The system LOR contains interpolation of K gain
with time in 50 selected operating points. The resulting 21 x 21 gain matrix is then multiplied
with the current state, as in full-state feedback. The system Aircraft and motor dynamics sym-
bolizes differential equations for both the aircraft motion and the motor first-order dynamics.
The blocks Reference control and Plot have been prepared for result visualization. Figure 6.4
shows the poles of the controlled system. The position of the poles in the left-hand side of the
plot is no surprise, as the LQR is guaranteed to be stable providing the system is stabilizable.
In comparison to the uncontrolled system’s poles, they moved considerably to the left, which
translates to a stable system with a quicker response. Again, the poles are not separated here

and are presented in a batch form to show the travel of the poles as transition progresses.
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Figure 6.4. LQR controlled system poles movement throughout the transition phase.
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6.3.1. Trajectory tracking results

The designed linear quadratic controller was tested in tracking the reference trajectory. The
results are shown in figures 6.5 for the longitudinal states, and in figure 6.6 for the lateral. As can
be seen in the longitudinal states, where the trajectory was nonzero, the tracking is acceptable.
The matrices () and R were chosen mainly to achieve a low trajectory tracking errors. Regulating
the lateral states was a secondary goal, therefore higher deviations are seen from the desired
profile. The states however are within acceptable bounds, most importantly the sideslip angle
did not exceed -5°, which allowed to maintain the assumption of low side speed and its impact
on propeller characteristics which was not modeled. Moreover, the low sideslip allowed to keep
the aerodynamic model in the linear range.

In figures 6.7 and 6.8 are presented the LQR controls, and power and energy consumption
respectively. As can be seen in front and rear motor throttle values, the inputs reached saturation,
which is undesirable. The reason for that is the maximum limit for throttle of 0.9 for all motors.
The selected limit was not sufficient to allow for tracking and regulating in both longitudinal
and lateral planes. Tuning the () and R matrices with the goal of reducing saturation helped,

however resulted in slightly larger errors in trajectory tracking.

191



Horizontal position [m] Airspeed [m/s]

Pitch rate Q [deg/s]

—— Simulation —-= Trajectory

Angle of attack a [deg]

35

T T T

15 2.0 2.5 3.0

Time [s]

1.0

(a) Airspeed tracking

—— Simulation —-=- Trajectory

30 A

25 4

20 A

15 4

10 4

Altitude [m]

0.0

—80 -

0.0

T T T T T T

0.5 1.0 15 2.0 2.5 3.0
Time [s]

(¢) Horizontal position tracking

—— Simulation —-= Trajectory

Pitch angle 6 [deg]

T T T

15 2.0 2.5 3.0

Time [s]

1.0

(e) Pitch rate tracking

20

Simulation —-= Trajectory

—20

—40

—60

-80 . . . . . :
0.0 0.5 1.0 1.5 2.0 25 3.0
Time [s]
(b) Angle of attack tracking
—— Simulation —-= Trajectory
320
315 A
310 4
305 4
300 ————————— —
295 A
290 4
285 4
280 T T T T T T
0.0 0.5 1.0 1.5 2.0 25 3.0
Time [s]
(d) Altitude tracking
—— Simulation —-=- Trajectory
10
0 -
_10 -
_20 4
_30 <
_40 4
-50 T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Time [s]
(f) Pitch angle tracking

Figure 6.5. Comparison of state variables (longitudinal) in tracking a reference trajectory by an LQR

(with motor dynamics modeled)
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Figure 6.6. Comparison of state variables (lateral) in tracking a reference trajectory by an LQR (with

motor dynamics modeled)
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Figure 6.7. LQR automatic control in energy-optimal trajectory tracking (with motor dynamics modeled)
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Figure 6.8. Comparison of ideal trajectory power and energy, and power and energy consumed by the

controller (with motor dynamics modeled)

Transition was finished in 0.22s and 3.15m less than the ideal trajectory.

Energy consumption [kJ] Total  Parasitic Induced Profile

Ideal trajectory 26.413 2.896 5.847 17.671
Control system tracking ~ 26.559 2.723 5.835 18.000

Table 6.1. Comparison of energy consumption in ideal trajectory and designed control system tracking

(with motor dynamics modeled)

6.4. Discussion

The goal of the section was to design a control system for the quad-plane to track the
energy-saving transition trajectory and prove it is possible with the use of a feedback control
system, as was postulated in the introduction to the following thesis. As was seen from the results
shown in this section, the goal was fulfilled and it was shown that the proposed trajectory can be
tracked and realized by a feedback system. Moreover, introducing the feedback controller and
lateral states in 6 degree-of-freedom simulation did not cause any increase in energy consump-
tion, even though the lateral states were not regulated ideally. Therefore, the method of feedback

control was proved viable for tracking the transition trajectory of a quad-plane with its energy
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saving benefits. Paragraphs below is described in more detail the reasoning, the discussion of
the results, and the shortcomings of the proposed control approach.

As was shown in literature review in section 1.5.2, the approach of precomputing the trajec-
tory and implementing it in a feedback controller is well known and used, in opposition to online
calculations, which require high computational demands and are only viable for some special
cases such as slow processes, high available computational power, special mathematic structure
of the model and more. Therefore, it was not considered in the context of this thesis, which
is an initial study in the topic of transition trajectory optimization. Often, as seen in literature
and practical cases, for VTOL aircraft and multicopter drones PID controllers for each control
channel with the use of a mixing algorithm to yield the control inputs. Here however, as the
model was quite large in terms of inputs, a MIMO linear controller was used. This allowed
to obtain a controller with good performance, without the need for repeated iterative tuning of
each control loop. Therefore, to track the trajectory on a UAV, an LQR was selected for its
good compatibility with high number of inputs and outputs, and shorter time needed to tune. As
shown in the literature review, an LQR or LQG are also viable options for VTOL aircraft. The
controller has been designed with the goal of low tracking error, and the focus on longitudinal
reference trajectory. This objective has been fulfilled with a full state feedback LQR control
system and, as seen in figure 6.5, the tracking error is indeed very low. The lateral states were
expected to stay close to zero reference, but due to the selection of the weighing matrices and
the fact that the controls were close to saturation yielded a less perfect following than in the
longitudinal states.

The saturation of the control input at the beginning of transition is not a desirable char-
acteristic, and was caused by the selection of constraints for the transition trajectory. It was
assumed that the motors can use up to 90% of their possible range, leaving the 10% of the range
free. The margin of the motor inputs that was left has proved to be not sufficient to follow the
derived trajectory, regulate the lateral states, and to avoid saturation in some motors, therefore
a compromise was achieved.

In trying not to settle on the compromise and search for better solutions, during the work on
trajectory optimization and control system design, some other goals were also sought. One of
these goals was to avoid saturation with the computed 90% control input bound trajectory by
tuning the LQR matrices to relax the requirements on good tracking in both the longitudinal and

lateral states. It has however brought unacceptable values of tracking errors. Another approach
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that was tried involved recomputing the trajectory to leave more margin. This however resulted
in some cases in the optimization finding trajectories at the edge of the bounds and constraints
selected for the optimal control problem. In other cases, quite unorthodox solutions from the
point of view of VTOL operation were achieved, which were rejected. In one example, the
trajectory involved a quick burst of motor input at the start of the transition to gain altitude
and speed, followed by the aircraft gliding while descending and slowly accelerating, until stall
speed was reached. The transition in this case took an unacceptably long time and distance.
Moreover, the optimization exploited the part of the propeller aerodynamic model which is less
certain to be valid (unmodeled vortex ring state). Imposing constraints to restrict the descent
speed and allowable altitude change caused the solver to find solutions at the bounds of the
constraints, which was also not desirable. Therefore, this part of the problem needs more effort
in selecting the proper constraints and requirements for the optimal control solution, and possibly
expanding the model of the aircraft to extend the allowable state space for acceptable solutions.
With the selected constraints, model fidelity and chosen objective, the results shown in this
section constituted the best results obtained in tracking the calculated energy-optimal transition
trajectory.

The next issue that should be mentioned here is the usage of a full-state feedback system.
The full-state LQR system that was selected has a number of benefits and robustness proper-
ties, mentioned in earlier sections. However, it is very hard, or perhaps impossible with the
current knowledge and technical level, to find accurate sensors to allow for a full-state feed-
back controller of a VTOL aircraft, one example being the difficulties in accurately measuring
aerodynamic angles. It is very common in the aircraft control domain to utilize sensors that
measure other quantities than the ones used commonly in aircraft dynamics modeling and to
use an estimator to predict the states. This approach is used for example in Ardupilot and PX4
autopilot solutions, which utilize the Extended Kalman Filter. The EKF is a dynamic estimator
that can be incorporated to aircraft dynamics for simulation. However, as was seen during the
work on this thesis, using a dynamic system with a different structure and characteristics to de-
rive the reference trajectory with optimal control causes trouble in realizing the trajectory with a
changed system. This was seen when the optimal trajectory was derived with an aircraft model,
and then attempt was made to follow the trajectory with an LQR controller designed and tested
in simulation with a dynamic model augmented with first-order systems to imitate the motor

dynamics. Even though the trajectory was not too far different in the case of the sole aircraft
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model (shown in figure 5.5), and with motor dynamics included (figure 5.7), the realization of
the first trajectory was impossible with the full aircraft/motor model.

Likewise, the efforts undertaken in this thesis to utilize a control system with an estimator (in
this case an LQG) to track the aircraft/motor system optimal trajectory failed, as the estimator
incorporates a certain delay on the aircraft system response, which caused the tracking to fail.
Therefore, it is proposed that in order to incorporate an estimator to the control system, the
same estimator must be used in trajectory calculations. This approach can however result in a
more iterative procedure in which an estimator selected for trajectory optimization would need
to be re-tuned/redesigned for tracking. Another approach would be to add an additional linear
compensator to the dynamic model used for trajectory calculation, to simulate an estimator with
an approximate dynamic system. However, at this point, the structure of the compensator, or a
procedure to design it are unknown. Therefore, at this stage of the research, the issue is noted

and left for future work.
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7. Summary

The goal of this thesis, stated in the introduction is: Optimize the transition phase of a
VTOL hybrid (mixed fixed wing and copter) aircraft with the goal of reducing the energy
consumption and derive an energy-optimal control system to realize the transition trajec-
tory. The thesis goal has been chosen as it is an important and promising topic for increasing
the VTOL aircraft range under insufficient energy capacity provided by modern batteries. The
reduction, and hence extension of aircraft operation time, without the need to redesign the vehi-
cle has been successfully obtained using methods of optimal control, yielding savings of 65.5%
to 71.5% compared to the basic transition scenario. The next paragraphs of the summary to this
thesis contains more detailed reasoning behind undertaking the mentioned research objective,

the methodology taken to obtain it and the results.

1. Reasoning:
The electric VTOL aircraft have experienced a recent peak in popularity, as the offer more
versatility and can be used extensively for several applications, ranging from hobby through
commercial to military. However, like all electric vertical flight aircraft, they struggle with
the issue of insufficient energy storage capacity on board. For this reason it is crucial to find
ways to increase endurance and mission time, which in most cases is insufficient in VTOL
vehicles compared to conventional aircraft. One of the promising methods is the optimal
control theory, especially trajectory optimization and optimal feedback control. The field of
optimal control for aerospace applications is vast and has been studied and used for many
years with success. The arrival of new technologies and interest in the field of uncrewed air-
craft guarantees new possibilities in utilizing the theory of optimal control to allow for better,
faster, and more efficient operation of the vehicles. One of the specific VTOL vehicle types
is the quad-plane, a popular and versatile platform, especially in commercial applications.
This aircraft type has a relatively simple structure and layout compared to more structurally
complex types such as the tilt aircraft configurations. Moreover, the vast similarities between
a quad-plane and a traditional fixed-wing plane make them very suitable for retrofitting the
latter to allow vertical flight capabilities while maintaining most of the advantages of the
classical configuration, such as the long endurance and low energy consumption. The hy-
brid configuration is by no means without faults, as the high energy usage during vertical

phases and the higher weight of the propulsive system take a toll on the total flight time
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and performance of the vehicle. However, the configuration offers a larger operational en-
velope than simpler multicopters, which, although possessing horizontal flying capabilities,
are limited by an even shorter endurance and low flight speeds. The quad-plane has proven
advantageous and is widely used in business settings, with many companies preferring the
vehicle type due to its simple design and broad capabilities.

The flight mission of a quad-plane aircraft is composed of three phases - vertical flight,
horizontal flight, and transition. The vertical phase can consist of taking-off, hovering and
vertical flight. In the horizontal phase, low-energy, high-speed, long-distance flight is per-
formed. Finally, the transition phase is the acceleration (transition) from hovering to stall
speed when horizontal flight is possible. It was postulated in this thesis that for an already
built vehicle, the most energy savings can be obtained from modifications of the transition
phase profile. The reasons were explained in the thesis, and to reiterate, are as follows: the
energy needs for vertical and horizontal flight phases are dependent on the chosen propulsion
system and the geometry of the aircraft. Moreover, these phases’ duration and trajectory are
often fixed in shape and time to achieve specific requirements, such as loitering, hovering,
and vertical landing. The second reason was that one of the quad-plane’s characteristics
is having overlapping control devices in terms of the states they control between the verti-
cal and horizontal phases. This feature can be utilized in the transition phase to shape the
trajectory with more freedom than is the case for the other phases. This is also different
than in conventional aircraft, i.e., fixed-wing and rotorcraft, whose flight phases are more
constrained by their equilibrium state values and their mutual dependence. In other words,
there is usually one solution for states and controls to obtain a selected flight speed, even
in transitional (accelerating) phases. Lastly, the literature on VTOL transition optimization,
or in general, VTOL transition shaping, is scarce, and little attention is paid to the benefits
it can provide in terms of energy consumption. The case for the transition of a quad-plane
usually follows the scenario implemented in a commercial autopilot automatically. A pop-
ular scenario for transition is to use vertical propulsion for vertical equilibrium and use only
horizontal propulsion to accelerate. This method, however, is not energy-efficient and re-
quires maintaining high power to keep the altitude constant for a prolonged time until the
transition is finished.

Methodology:

Below, a general illustration of the chosen methodology is provided. The first step in setting
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up the methodology for the posed problem was the literature review. The number of papers
specifically dedicated to VTOL aircraft energy-optimal transition scenarios and nonlinear
optimal control was quite low, thus making the chosen thesis topic novel and not yet fully
researched. Literature reviews on optimal control for aerospace applications and others
have shown it to be a suitable method for the stated goal. Thus, to answer the question
of whether the energy consumption of the quad-plane can be reduced by optimization of
transition trajectory and optimal feedback controller, the following steps were undertaken.
First, it was necessary to describe the aircraft mathematically. In section 3, the aircraft has
been described by a 6-degree-of-freedom vehicle motion model. The derivation has been
performed in as much detail and as generic as possible. The model contains the equations of
motion, and describes the forces and moments needed to reproduce the characteristics and
features of any quad-plane (or octo-plane) vehicle. Then, in the next section, the derived
model is enhanced with CFD and experimental results to present a case study of a selected,
real object. In section 5 then presented is a set of assumptions for the calculation of optimal
transition trajectory, as well as results of trajectory calculations. Finally, section 6 contains
the design and evaluation of a control system, used to realize the calculated trajectory. The
methodology is concluded with a comparison of results and 6-degree-of-freedom simulations
that prove the realizability of the calculated trajectory, after which a discussion is provided
on the faults and benefits of the chosen method.

Results:

To compare the resulting optimized trajectory, a reference trajectory had to be chosen. From
observation of usual quad-plane operation, the method of accelerating from hover to forward
flight (transition) is often performed at a near-constant attitude angle, using almost solely
horizontal propulsion to accelerate. This method was described a few paragraphs earlier.
Therefore, for comparison, a zero-pitch trajectory has been computed with no altitude loss.
The trajectory optimization resulted in large savings compared to the simple transition sce-
nario. Results for all selected objective functions, especially the minimum energy objective,
yielded a reduction of energy consumed in the ranges of 65.5% to 71.5% compared to ref-
erence. The best case was the variable altitude, with motor dynamics included. Therefore,
the selected methodology allowed for generous savings in terms of energy consumed, and
that energy can be used to prolong the endurance of the aircraft and extend the possible

mission time without any changes to the geometry or payload of the aircraft. The trajectory,
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moreover, due to the inclusion of a dynamic constraint linked with modeled aircraft dynam-
ics, was assumed to be feasible and attainable by a control system, which was confirmed
with a designed linear-quadratic regulator. Both the simulations of trajectory tracking for
three and six degrees of freedom models proved that the trajectory can be realized with an
LQR, provided full-state feedback is available. Moreover, it was shown that the trajectory
generated for a nonlinear model can be realized with a linear controller. The results and the
methodology taken showed that the goal stated in this thesis is obtainable with methods of
optimal control through trajectory optimization with an optimal linear feedback controller.
Contributions:

The quad-plane is a very popular VTOL configuration on the market. It is one of the only
type that is easy to retrofit from most existing fixed-wing aircraft by mounting additional ver-
tical flight motors and propellers. However, the quad-plane needs to carry a ”dead weight”
in some phases of the flight mission, i.e., the vertical propulsion only adds weight and drag
in the horizontal flight phase but is crucial in the vertical and transitional phases. For this
reason, the possible payload of the vehicle is reduced in comparison to more geometrically
optimized configurations such as the tail-sitter. This lost payload could be instead used to
carry a larger battery on board to power the high-energy flight phases. Therefore the results
presented here offer a viable option for extending the endurance of a quad-plane, without
the need for the redesign of geometry. Moreover, the topic of VTOL transition optimization
with the goal of saving electric energy is not sufficiently studied, as the literature review
presented in this thesis revealed. The thesis, following the findings from literature, also
highlights the need to perform aerodynamic studies on such an aerodynamically complex
vehicle as the quad-plane and other hybrid VTOL aircraft. In fixed-wing airplanes, the main
contribution to aecrodynamic forces and moments is the aerodynamics of the vehicle body
and lifting surfaces. On the other hand, the main component in multicopters is the propulsive
characteristics. In VTOL hybrid aircraft, the additional component influencing the modeling
of forces and moments is the aecrodynamic interference between the vehicle’s body and the
propellers. The model that includes these effects has been based on findings from wind
tunnel tests of the tail boom and the propulsion system.

As for the final two Chapters regarding the trajectory generation and feedback control, the
feasibility of the optimal trajectory was proven in 6 degrees of freedom simulation. It was

shown that the linearization along the trajectory allowed to obtain an accurate linear model
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of the nonlinear plant to design a control system with linear design methods. The resulting
trajectory from the simulation did not deviate far from the assumed linearization points.
An LQR system was designed to track the longitudinal trajectory and regulate the lateral
states to zero. This approach was consistent with the literature review, as very often, in
nonlinear optimal control, the trajectory is computed offline and then implemented along
with a feedback controller. The reason that was also confirmed in this thesis is the high
computational time for direct OCP. Moreover, deciding on indirect OCP can become difficult
due to a lack of mathematical skills and knowledge or the high time required to derive the
variational relations. From the simulation results with an LQR controller, it was concluded
that the initial assumption of splitting the control input range in the manner of 90% of the
full range for longitudinal trajectory and 10% for lateral regulation and mitigating other
disturbances was not satisfactory. In is worth noting that the constraints on control inputs
incorporated in the OCP should have been more limited in the allowable control range.
The control input reached saturation of 100% of the range in some instances in simulation.
Therefore, it is advised to leave more margin of control authority for other tasks than the
trajectory in requirements of the optimal control problem. Another thing observed in the
results was that it is crucial to include as much detail in the model as possible, especially
regarding the dynamic components, as failing to include them can cause problems with
feasibility and tracking the trajectory with a feedback control system. This can include
incorporating the motor, actuator dynamics, or any other compensators, e.g., the dynamic
estimators, if required.

Lastly, it is worth to discuss the practical side of direct optimal control. In the first trials of
calculations, Simulink was chosen to calculate the state derivatives in equations of motion
to be provided to the OCP solver. It was quickly apparent that Simulink is not suitable for
this purpose, because the software was too slow to provide the results of the equations to the
optimization solver. This caused issues with reaching solutions in an acceptable computation
time and at a reasonable grid size. Therefore, all the constraints and equations of motion had
to be rewritten in MATLAB script code and augmented to the solver using the high-speed
MATLAB vector operations. Therefore, it is advised not to use Simulink for large problems.
The last observation on direct optimal control is that the market for OCP software is very
rich and increases the number of solutions that require less knowledge and experience from

the user in setting up and solving the optimal control problems, therefore decreasing the
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entry barrier to most users. This feature will allow the optimal control theory to become
even more widespread and used for more applications, including but not limited to VTOL

aircraft, in low-cost commercial and academic scenarios.

In conclusion, this thesis shows the validity and novelty of the selected research prob-

lem. It was shown that, indeed, the optimal control approach and optimization of the tran-

sition trajectory are beneficial for the VTOL aircraft with emphasis on the quad-planes

and that the resulting pitch-down transition maneuver yields significant savings of en-

ergy consumption, as well as a reduction in transition time and distance. The next section

presents the possible directions of expanding and continuing the research on the topic studied in

this thesis.

7.1. Future work

This section presents further directions that did not fit this thesis’s time frame and scope.

These topics are collected in the list below.

1.

Expand optimal trajectory and control system problem to include wind

This research assumed a windless atmosphere. However, it would be interesting to repeat
both the trajectory optimization and control system design with the wind. Depending on
the tested wind directions and magnitude, the model would need to be expanded for lateral
variables and possibly wider ranges of aerodynamic angles and airspeeds. Moreover, the
study could include tests to find the aircraft’s possible resistance to various wind speeds and
directions to pose a set of requirements on the weather in which the optimal transition can
be performed.

Test for other uncertainties and robustness of the trajectory and controller

This thesis does not contain a sensitivity analysis on possible model uncertainties or distur-
bances. Moreover, the guaranteed robustness of the LQR could fail if an estimator is added
to the system, resulting, for example, in an LQG controller. Therefore, this task is included
here as being important from the point of view of eventual implementation into a real flight
control system.

Expansion and validation of the propulsive model

The experimental test results on the propulsive systems shown and analyzed in this thesis

would clearly benefit from expanding the variable ranges, both in the positive and negative
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angle of attack ranges. This could be achieved either from wind tunnel tests or CFD. From
the above, the need to validate the propulsive model at high angles of attack follows.
Expansion of the propulsive model to lateral characteristics

Moreover, the model should be expanded on the lateral variables to model the propulsive
characteristics dependence on sideslip angles. With such a model, it would be possible to
expand the trajectory calculations to the 6 degrees of freedom (longitudinal and lateral states)
case from the 3 degrees of freedom (longitudinal) assumed here. It would be interesting to
find the behavior of the aircraft with or without the inclusion of wind, e.g., to see if the
vehicle follows and points in the direction of the wind to reduce lateral regulation needs.
Bird-like trajectory optimization

The scenario mentioned above could also be extended to the case where the aircraft transition
starts from a stationary ground position. As was mentioned in the literature review, the
bird-like take-off method can cause a further reduction in energy consumption. However,
this case would be less safe than the assumption taken in this thesis to start the transition at
a safe, obstacle-free altitude and position.

Different controller architectures and implementation to the autopilot

The next task to be performed in the future would be to track the trajectory using a different
control system than was used here, such as the LQG, MPC, or other methods. It would be
worth trying to implement commercial autopilot software for trajectory optimization for-
mulation and using a controller implemented in the autopilot solution to track the resulting
trajectory. The method most often implemented in COTS solutions is the PID controller,
which is implemented into every control loop and synthesized with a mixing algorithm.
Incorporating estimator to trajectory calculations

As was explained in the thesis, to use a controller/estimator system to track the calculated
trajectory, the dynamic estimator should be included in OCP formulation and trajectory
optimization should be performed with it in the loop. This is another interesting direction
for further research.

Backward transition (horizontal flight to hover)

The detailed model prepared on the basis of the generic model to mimic a real VTOL vehicle
assumed the angle of attack in the range from -90° to 90°. This range allowed the model to

be used in forward transition considerations (hover to horizontal flight). The backward tran-
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10.

sition scenario was not considered here. Therefore, in the future, a study could be performed
to calculate higher angle of attack values and optimize the backward transition.

Different case study

Based on the generic VTOL vehicle model presented in this thesis, different aircraft aerody-
namic, mass, and propulsive data could be implemented to show how the optimal trajectory
would differ. It would be interesting to see how large savings in energy consumed could
be achieved for aircraft of higher mass and dimensions. The study could, moreover, be ex-
panded for Urban Air Mobility applications by adding constraints on the trajectory to ensure
passenger comfort (limiting maximum accelerations, pitch angles, stalling, etc.).

Flight tests

The last item on the future work agenda is the flight tests. They could be performed when
the solution presented in this thesis is expanded and matured to include further tests and real

object implementation, either in a custom controller or with a COTS autopilot solution.
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Appendix

Below are shown the results of trajectory optimization for a model case with no motor
dynamics included. The calculations were performed for a case of a constant altitude, and
free altitude. In each section, an objective function used is presented, as well as total energy,
transition time and transition distance and the detailed, plotted trajectory. A comparison of the
results has been presented in 5.4.

Minimum energy consumption and transition time (constant altitude)

ty
J:/ P(t) dt + 1000t (7.1.1)
0

Energy consumption for this case was 28442.7 J, transition from hover to horizontal flight

took 3.13 s and 29.62 meters.
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Figure 7.1. Minimum energy and time transition trajectory (50 points, Hermite-Simpson collocation,

state approximated as piecewise-cubic, control as piecewise-linear).
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Figure 7.2. Minimum energy and time transition trajectory (50 points, Hermite-Simpson collocation,

state approximated as piecewise-cubic, control as piecewise-linear).

Minimum transition time (constant altitude)

ty

(7.1.2)

Energy consumption for this case was 31948.1 J, transition from hover to horizontal flight

took 2.19 s and 18.80 meters.
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Figure 7.3. Minimum time transition trajectory (50 points, Hermite-Simpson collocation, state approxi-

mated as piecewise-cubic, control as piecewise-linear).
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Figure 7.4. Minimum time transition trajectory (50 points, Hermite-Simpson collocation, state approxi-

mated as piecewise-cubic, control as piecewise-linear).

Minimum control and time transition (constant altitude)

J =2ty + /Otf(zhf(t))2 + (47,.(t)) + T (t)?dt (7.1.3)

Energy consumption for this case was 29229.0 J, transition from hover to horizontal flight

took 4.17 s and 44.64 meters.
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Figure 7.5. Minimum control and time transition trajectory (50 points, Hermite-Simpson collocation,

state approximated as piecewise-cubic, control as piecewise-linear).
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Figure 7.6. Minimum control and time transition trajectory (50 points, Hermite-Simpson collocation,

state approximated as piecewise-cubic, control as piecewise-linear).

Minimum control expenditure (constant altitude)

tr tr
J = / Ul + cus + ...+ cuuidt = / (41p(8))% + (47-(8))* + T (1) ?dt (7.1.4)
0 0

Energy consumption for this case was 29733.8 J, transition from hover to horizontal flight

took 5.83 s and 64.50 meters.

Hermite-Simpson collocation, with state approximated as piecewise-cubic polynomial, and

control approximated as piecewise-constant.
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Figure 7.7. Minimum control expenditure transition trajectory (50 points, Hermite-Simpson collocation,

state approximated as piecewise-cubic, control as piecewise-linear).
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Figure 7.8. Minimum control expenditure transition trajectory (50 points, Hermite-Simpson collocation,

state approximated as piecewise-cubic, control as piecewise-linear).

Minimum energy consumption and transition time (free altitude)

ty
J :/ P(t)dt + 1000t ¢
0

(7.1.5)

Energy consumption for this case was 27202.0 J, transition from hover to horizontal flight

took 3.37 s and 30.62 meters.
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Figure 7.9. Minimum energy transition trajectory (50 points, Hermite-Simpson collocation, state ap-

proximated as piecewise-cubic, control as piecewise-linear).
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Figure 7.10. Minimum energy transition trajectory (50 points, Hermite-Simpson collocation, state ap-

proximated as piecewise-cubic, control as piecewise-linear).

Minimum transition time (free altitude)

ty

(7.1.6)

Energy consumption for this case was 33143.9 J, transition from hover to horizontal flight

took 1.98 s and 15.75 meters.
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Figure 7.11. Minimum time transition trajectory (50 points, Hermite-Simpson collocation, state approx-

imated as piecewise-cubic, control as piecewise-linear).
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Figure 7.12. Minimum time transition trajectory (50 points, Hermite-Simpson collocation, state approx-

imated as piecewise-cubic, control as piecewise-linear).

Minimum control and time transition (free altitude)

J =2ty + /Otf(zhf(t))2 + (47,.(t)) + T (t)?dt (7.1.7)

Energy consumption for this case was 28594.9 J, transition from hover to horizontal flight

took 2.84 s and 26.46 meters.
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Figure 7.13. Minimum control and time transition trajectory (50 points, Hermite-Simpson collocation,

state approximated as piecewise-cubic, control as piecewise-linear).
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Figure 7.14. Minimum control and time transition trajectory (50 points, Hermite-Simpson collocation,

state approximated as piecewise-cubic, control as piecewise-linear).

Minimum control expenditure (free altitude)

tr tr
J = / Ul + cus + ...+ cuuidt = / (41p(8))% + (47-(8))* + T (1) ?dt (7.1.8)
0 0

Energy consumption for this case was 28278.0 J, transition from hover to horizontal flight

took 3.49 s and 34.15 meters.

Hermite-Simpson collocation, with state approximated as piecewise-cubic polynomial, and

control approximated as piecewise-constant.
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Figure 7.15. Minimum control expenditure transition trajectory (50 points, Hermite-Simpson colloca-

tion, state approximated as piecewise-cubic, control as piecewise-linear).
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Figure 7.16. Minimum control expenditure transition trajectory (50 points, Hermite-Simpson colloca-

tion, state approximated as piecewise-cubic, control as piecewise-linear).
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